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ML: from Data to Intelligence

• Many successful applications needless to say …


• How well a machine can learn depends on many factors:

Amount of data		 	 	 How much data should be used?

Feature selection	 	 	 What features should be chosen?

Model selection	 	 	 What learning model should we use?

Training algorithm	 	 	 How to train the learning model?


• Focus today: training large-scale ML models with big data
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data Machine 
Learning AI

“AI” = “skills”  
in most cases



Abstraction of ML (1/3)
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Data generated from a black box

black box
input
x 2 X

<latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="UG4pH27dxEIwHF2Ouc6sX0ENywM="></latexit>

output
y 2 Y

<latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="CzG8rOT2UkC2R8l+iPuygvfYo08="></latexit>

*supervised learning

keywords in an article topic

image of a handwritten digit the digit

fMRI image status of disease

text of a message spam or not



black boxestimated 
black box

Abstraction of ML (2/3)
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But we do not completely know how the black box works 

input
x 2 X

<latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="UG4pH27dxEIwHF2Ouc6sX0ENywM="></latexit>

output
y 2 Y

<latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="CzG8rOT2UkC2R8l+iPuygvfYo08="></latexit>

training 
data

learning 
algorithm

so we try to learn how it works from data!

ŷ 2 Ŷ
<latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="UeC/CfCjyLIPte8ZAtluQKvl8ao="></latexit>



ŷ 2 Ŷ
<latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="uX2/9n9Er9kERuPsg06CyE0/vc8="></latexit><latexit sha1_base64="UeC/CfCjyLIPte8ZAtluQKvl8ao="></latexit>

Abstraction of ML (3/3)
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black box
input
x 2 X

<latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="UG4pH27dxEIwHF2Ouc6sX0ENywM="></latexit>

output
y 2 Y

<latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="L7dvygna+2qCLn6+F2Q2o7yLjWQ="></latexit><latexit sha1_base64="CzG8rOT2UkC2R8l+iPuygvfYo08="></latexit>

estimated 
black box

input
x 2 X

<latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="p6PaJMYTlLmg9LEPB642hp0ECL4="></latexit><latexit sha1_base64="UG4pH27dxEIwHF2Ouc6sX0ENywM="></latexit>

output

Goal: the estimated box can predict the actual output well.

⇡<latexit sha1_base64="Barte2H5pVOSI+4uSjAssP7ZUBE="></latexit><latexit sha1_base64="Barte2H5pVOSI+4uSjAssP7ZUBE="></latexit><latexit sha1_base64="Barte2H5pVOSI+4uSjAssP7ZUBE="></latexit><latexit sha1_base64="DPN0TxPXyHkk8Lxj8QrH1kid53Q="></latexit>

how to quantify how 
good the prediction is?belongs to some learning model 

parametrized by w 2 W
<latexit sha1_base64="x/gSK3BtBi/+IeSKdqSz64kwu/w="></latexit>



Quantifying the Effectiveness
• Loss function:

‣ Quantify the cost of predicting     when the actual outcome is


• Examples:

‣ 0-1 loss (classification)


‣ hinge loss (binary classification)


‣ cross entropy loss (prediction/classification)


‣ norm loss (regression)
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ŷ
<latexit sha1_base64="u4qJnXhd8pbzDMhNs05M+dv/EEI="></latexit><latexit sha1_base64="u4qJnXhd8pbzDMhNs05M+dv/EEI="></latexit><latexit sha1_base64="u4qJnXhd8pbzDMhNs05M+dv/EEI="></latexit><latexit sha1_base64="kTSvHw4ifspkQWribEZEjlZZxlA="></latexit>

y
<latexit sha1_base64="xyGQ3Tve9RYX7kmiRs6a6FhaQ6U="></latexit><latexit sha1_base64="xyGQ3Tve9RYX7kmiRs6a6FhaQ6U="></latexit><latexit sha1_base64="xyGQ3Tve9RYX7kmiRs6a6FhaQ6U="></latexit><latexit sha1_base64="XyUTCehqPosjPOgSYX3W/a5ScNo="></latexit>

ℓ(ŷ, y) = (1− ŷy)+
<latexit sha1_base64="zf27oaJBqgiWXGYx2HSQq0lQBwA="></latexit><latexit sha1_base64="zf27oaJBqgiWXGYx2HSQq0lQBwA="></latexit><latexit sha1_base64="zf27oaJBqgiWXGYx2HSQq0lQBwA="></latexit><latexit sha1_base64="81rXGcnHwa8dLmNIHMXRcohTjQ8="></latexit>

Y = {±1}, Ŷ = R
<latexit sha1_base64="SJ/UD8W0S1Y5rhUd8fLDzhv5gB0="></latexit><latexit sha1_base64="SJ/UD8W0S1Y5rhUd8fLDzhv5gB0="></latexit><latexit sha1_base64="SJ/UD8W0S1Y5rhUd8fLDzhv5gB0="></latexit><latexit sha1_base64="22qlN3bgVBucQGPRH/CyHM7Ktp8="></latexit>

`(ŷ, y) = {ŷ 6= y}
<latexit sha1_base64="RESSHu38h/zmihDlUbQZSJMepwA="></latexit><latexit sha1_base64="RESSHu38h/zmihDlUbQZSJMepwA="></latexit><latexit sha1_base64="RESSHu38h/zmihDlUbQZSJMepwA="></latexit><latexit sha1_base64="O/ZpPMz47LGNL8CHZqHQBQ3v48g="></latexit>

ℓ(ŷ,y) = −
∑d

i=1 yi log ŷi
<latexit sha1_base64="HVFm09oUlN4YMOECCRYF7BEEmrc="></latexit><latexit sha1_base64="E9mm9liTC2GtXSoELa9dEj6FTvE="></latexit><latexit sha1_base64="E9mm9liTC2GtXSoELa9dEj6FTvE="></latexit><latexit sha1_base64="qiu87nqL43yXgKjRGx2N/jh7gW8="></latexit>

Y = Ŷ = Pd
<latexit sha1_base64="pc2tkqocmZhtec/B+5dwWVyKO3Y="></latexit><latexit sha1_base64="vwlUY6oK+SxAvf6JYbRt60isPC0="></latexit><latexit sha1_base64="vwlUY6oK+SxAvf6JYbRt60isPC0="></latexit><latexit sha1_base64="NUjnkesrl5MTqmmfec6QxaQrrnY="></latexit>

`(ŷ, y) = kŷ � yk
<latexit sha1_base64="iPfL/HbcbevuLRfoem6MV5of5es="></latexit><latexit sha1_base64="iPfL/HbcbevuLRfoem6MV5of5es="></latexit><latexit sha1_base64="iPfL/HbcbevuLRfoem6MV5of5es="></latexit><latexit sha1_base64="GKgT9RR7idEYNlc1e+QBTPNDVB8="></latexit>

` : Ŷ ⇥ Y ! R, (ŷ, y) 7! `(ŷ, y)
<latexit sha1_base64="5sMpamTtWZGLY8o4j3aPWr3ltI0="></latexit><latexit sha1_base64="5sMpamTtWZGLY8o4j3aPWr3ltI0="></latexit><latexit sha1_base64="5sMpamTtWZGLY8o4j3aPWr3ltI0="></latexit><latexit sha1_base64="F89SVAX1mPPUVMmRkl8sHUYA+rE="></latexit>



Learning Model
• Typically the estimated blackbox takes the following form:

‣ Raw data     is mapped to a high-dimensional feature              :


‣ Feature fed to a learning model to produce an output 


‣ The model is configured by parameter 


• The simplified goal of ML: finding a “good”


• How to define “good”?
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x

<latexit sha1_base64="shdxuLBroqf/hy3pjiXBIrraODY="></latexit>

x 2 Rd
<latexit sha1_base64="2vlCWEZmZElkMD04QvXyiJqW21c="></latexit>

x ! �(·) ! �(x) =: x 2 Rd

<latexit sha1_base64="KVW2Hr63sS0ZGHeCIQ1R6E4fEqc="></latexit>

w 2 Rd
<latexit sha1_base64="KKz2hZZdD8xfAAvqq/BiFECcRdc="></latexit>

w 2 Rd
<latexit sha1_base64="oM9KDmJnmyf2JBbCzL37DEFJY4A="></latexit>

x ! h(· ; w) ! h(x;w) =: ŷ
<latexit sha1_base64="I1kdBqpXRb9o2OEVeJiBFW8BQ5Y="></latexit>



estimated 
black box

Expected Loss (Statistical Risk)
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black box
ground truth

prediction

(X,Y ) ∼ P
<latexit sha1_base64="JbFNHLUXLiUKckOXWiiMODv277c="></latexit><latexit sha1_base64="+y8qccf9tQMfCGOoLuAGCBLthcI="></latexit><latexit sha1_base64="v3wZn6wneHsKrKj4ULRg5v6krjo="></latexit><latexit sha1_base64="v3wZn6wneHsKrKj4ULRg5v6krjo="></latexit><latexit sha1_base64="v3wZn6wneHsKrKj4ULRg5v6krjo="></latexit>

⌘ PX,Y = PY |XPX
<latexit sha1_base64="y0ftUtGHJ6KfmNWaCXI2wjUaV4s="></latexit><latexit sha1_base64="y0ftUtGHJ6KfmNWaCXI2wjUaV4s="></latexit><latexit sha1_base64="y0ftUtGHJ6KfmNWaCXI2wjUaV4s="></latexit><latexit sha1_base64="4uxe0K0Iv4Cz/UKKGaunvf8A7b8="></latexit>

Y
<latexit sha1_base64="SjXE8Pt+eO+xnoXKkPj5a8rtfQk="></latexit><latexit sha1_base64="SjXE8Pt+eO+xnoXKkPj5a8rtfQk="></latexit><latexit sha1_base64="SjXE8Pt+eO+xnoXKkPj5a8rtfQk="></latexit><latexit sha1_base64="c/mkTzCMmbYvej/V1pD8JW+afYE="></latexit>

Ŷ
<latexit sha1_base64="aM14QLU/3Rx0b1fj4APdbWEK5Sg="></latexit><latexit sha1_base64="aM14QLU/3Rx0b1fj4APdbWEK5Sg="></latexit><latexit sha1_base64="aM14QLU/3Rx0b1fj4APdbWEK5Sg="></latexit><latexit sha1_base64="A7zThXqy7UCWhFABgCGdRzjjU40="></latexit>

PY |X
<latexit sha1_base64="bU1nP68CFSq76a8Ok7k0NyXB/+Y="></latexit><latexit sha1_base64="bU1nP68CFSq76a8Ok7k0NyXB/+Y="></latexit><latexit sha1_base64="bU1nP68CFSq76a8Ok7k0NyXB/+Y="></latexit><latexit sha1_base64="4h5YPF+YADYxI3h2oMi6sP5NZI0="></latexit>

X
<latexit sha1_base64="jvpBz6VypxRFyVkO0athtjn9FH8="></latexit><latexit sha1_base64="jvpBz6VypxRFyVkO0athtjn9FH8="></latexit><latexit sha1_base64="jvpBz6VypxRFyVkO0athtjn9FH8="></latexit><latexit sha1_base64="nwaQXF7/GAH47lY1JoV457waxxs="></latexit>

testing 
input

X ⇠ PX
<latexit sha1_base64="HRvGb9fmfWH82xojyH0MwsTbGIw="></latexit><latexit sha1_base64="HRvGb9fmfWH82xojyH0MwsTbGIw="></latexit><latexit sha1_base64="HRvGb9fmfWH82xojyH0MwsTbGIw="></latexit><latexit sha1_base64="di5zxWLo5Xy6+hI5P3IF7ZOnr4Q="></latexit>

It quantifies how well the selected         
	 	     performs on the averagew 2 Rd

<latexit sha1_base64="KKz2hZZdD8xfAAvqq/BiFECcRdc="></latexit>

h(�(·) ; w)
<latexit sha1_base64="AN5DbheeDdYakkEqFZkus1Y4LXo="></latexit>

L(w;P ) , E(X,Y )⇠P [`(h(�(X);w), Y )]
<latexit sha1_base64="4SOUrrOCBJNvyjWNCPFYucZCUQU="></latexit>



General Learning Framework
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testing data
P

<latexit sha1_base64="zzixoWLTjybEmsovbn2c+xZPivE="></latexit>

average over randomly 
a selected testing point

` : W ⇥ Z ! R
<latexit sha1_base64="qgVuYcWlWmmCBbmyMZ2qeNMGza0="></latexit>

Z ⇠ P
<latexit sha1_base64="b10HLwjk1PTXMMsWLpEMc2GdHns="></latexit>

Z 2 Z
<latexit sha1_base64="L8nsYEuxMegKZvruyYHhOICUj3U="></latexit>

Correspondence

L(w;P ) , EZ⇠P [`(w, Z)]
<latexit sha1_base64="77+62ebNnQ0hMeqiWLJur3qRzKI="></latexit>

(X,Y )  ! Z
`(h(�(X);w), Y )  ! `(w, Z)

<latexit sha1_base64="P5hJmZVBleU4hLLiZfMd6OqwwH8="></latexit>

w
<latexit sha1_base64="hH2xPVbE9wRXUq4qkLtAw8cuaSE="></latexit>



Risk Minimization is Challenging
• Simplified goal of ML: find the best              by solving an 

optimization problem:


• Unfortunately ill-posed since ground truth     is unknown

• Training data come to rescue – 


approximate the statistical risk by the empirical risk.


• Computationally challenging if     is huge.

!10

P
<latexit sha1_base64="pMOYFXz8wfEzpwzIWnV0iwIWbjA="></latexit>

w⇤ 2 argmin
w

{L(w;P ) |w 2 W}
<latexit sha1_base64="ClIjfN5caMoMai0I4PFBtk0ZG+A="></latexit>

w 2 W
<latexit sha1_base64="2mTtl0DXRMPyvSK+4Jo5hHPtecE="></latexit>

L(w;P ) , EZ⇠P [`(w, Z)]
<latexit sha1_base64="77+62ebNnQ0hMeqiWLJur3qRzKI="></latexit>

empirical risk

statistical risk

n
<latexit sha1_base64="jUaZ0286m75W15eLeppiagzHmCQ="></latexit>

L̂(w; z1, ..., zn| {z }) ,
1

n

nX

i=1

`(w, zi)
<latexit sha1_base64="2CUFmx2Z3Hxl05oZ3J7IkfgATAk="></latexit> training data



Stochastic Optimization

•    : randomness in the problem

‣ Statistical risk: 

‣ Empirical risk:


• Evaluation of the objective function, its gradient, Hessian, 
etc., can be quite challenging, because:

‣ The distribution may be unknown

‣ Even it is known, taking the expectation can be expensive


• Idea: stochastically approximate these quantities.
!11

Z
<latexit sha1_base64="flo37MMhzTGpvzwBwNm4GpVk96c="></latexit>

Z ∼ P̂z1,...,zn = 1
n

∑n
i=1 δzi empirical distribution

<latexit sha1_base64="pSK+S78SR2v3m5Svod0jKs0+zuI="></latexit>

Z ∼ P unknown distribution
<latexit sha1_base64="LGnu8q8HaIWVrSJpQerBT4dTvAc="></latexit>

minimizew2Rd F (w) = Z [f(w;Z)]| {z }
statistical risk, empirical risk, etc.

<latexit sha1_base64="dUjiaFN0DedKc/94g320NEjGhFU="></latexit>



First-Order Methods
• In this lecture we only focus on first-order iterative 

optimization methods.


• Per-iteration computation cost is          for 	 	 	  ,	
because it only uses gradient information in each iterate.


• Second-order methods using Hessian etc. are much more 
expensive if the feature/model is very high-dimensional.

!12

O(d)
<latexit sha1_base64="v09YfW+3O8ItuT4lstX8T6Wq6AM="></latexit>

w 2 Rd
<latexit sha1_base64="8WS98ryQw8SCFx/mtH7XhBDF6Ok="></latexit>



Stochastic Gradient Method
Stochastic Gradient Method [Robbins and Monro, 1951]:


Initialize: 		 start with       

Update:	 	 in each iteration         :

		 	 	 	 1)	 Generate a realization of a random 
		 	 	 	 2)	 Compute a stochastic vector 
		 	 	 	 3)	 Choose a step size 
		 	 	 	 4)	 Update    

Terminate:	 after    iterations, output 


• Here                  is some update direction estimating the 
true gradient 


(unbiased estimate)
!13

w[t+1]  w[t] � ⌘tg(w
[t], ⇠t)

<latexit sha1_base64="RXwlrA6OpiR8gsP8q3NrgxlkunQ="></latexit>

w[1]
<latexit sha1_base64="d2DNPcBzZTO2zQSse8skwfgQO8Y="></latexit>

t ≥ 1
<latexit sha1_base64="WtUdyNvIAwZZiCB8r+xcCRWCxzs="></latexit>

⇠t
<latexit sha1_base64="TCxahzJjBFzmAl439vGMqMCs4zY="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

⌘t > 0
<latexit sha1_base64="lUnohHw7mlmQ0BuZkV+c+zX8EnI="></latexit>

τ
<latexit sha1_base64="FnRU3zzgwzXcm/d4ncYEqW02A7k="></latexit>

w
f
= {w[1], ...,w[⌧+1]}

<latexit sha1_base64="7BKla2OZMoGK9qHMaBLt6k1VRvw="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

rwF (w) = Z [rwf(w;Z)]
<latexit sha1_base64="OtiPNkTOFU6ZDgejobIQ48zdQUo="></latexit>



SGD for Risk Minimization
For machine learning problems, estimating the gradient of 
the (empirical) risk function can be done very naturally.

!14

Empirical RiskStatistical Risk

F (w) ⌘ L(w;P )

= EZ⇠P [`(w, Z)]
<latexit sha1_base64="+5VuBAZ4VKFMSOCVufSAaP3PcIg="></latexit>

Choose the random variable in SGD 
⇠t ⇠ P

<latexit sha1_base64="wNxvrlprSvR0v9hOeHpdeeBGf1c="></latexit>

Choose the random variable in SGD 
⇠t ⇠ Unif{1, ..., n}

<latexit sha1_base64="Hx4JFYrBsAcsO3VTYNOpnCD7luY="></latexit>

Although     is unknown, if there is 
sufficient amount of homogeneous 
training data, we can pick each     to 
be a fresh training sample     , and 
get 

P
<latexit sha1_base64="0JE5hAiGtYMeLq2wmu/erf2OGFk="></latexit>

⇠t
<latexit sha1_base64="h1HIwvmWMJ3/HuuyNbO0zr5t9Y8="></latexit>

g(w[t], ξt)← ∇wℓ(w[t], Zt)
<latexit sha1_base64="rIBLktqh//SoMpoc2Zgdky2m3Bs="></latexit>

Zt
<latexit sha1_base64="D1LnPl8fqsceZK4Lj2axQgGRek4="></latexit>

F (w) ⌘ 1

n

nX

i=1

`(w, zi)| {z }
fi(w)

<latexit sha1_base64="Ere60+facQbB4YAhlr8vgiOxFMI="></latexit>

At each time, uniformly at random 
pick one out of     training samples 
(let     be its index) and get

n
<latexit sha1_base64="RtS1gOLbV1t10sx+p97XF1C0/G8="></latexit>

⇠t
<latexit sha1_base64="h1HIwvmWMJ3/HuuyNbO0zr5t9Y8="></latexit>

g(w[t], ⇠t) rf⇠t(w[t])
| {z }
rw`(w[t],z⇠t )

<latexit sha1_base64="9DyWi7tZOCJji3uw/lW1Wql9Wpg="></latexit>



Stochastic vs. Full-Batch in Training
• Training, in the context of this lecture, is equivalent to 

solving the empirical risk minimization (ERM) problem:


Everything is deterministic, nothing random. Why SGD?

• Baseline – gradient descent (GD): in each iteration, the 

update direction is the full gradient


• Stochastic gradient vs. Full Gradient:

‣ Much cheaper per-iteration cost. 

‣ Exploit the information in training data more efficiently.

!15

minimizew∈W L̂(w; z1, ..., zn)︸ ︷︷ ︸
F (w)

! 1
n

∑n
i=1 ℓ(w, zi)︸ ︷︷ ︸

fi(w)
<latexit sha1_base64="9CKdIMINzIRysLaUbJpTqckpvGU="></latexit>

∇F (w) = 1
n

∑n
i=1 ∇fi(w)

<latexit sha1_base64="67R4BpbcQ9WTDYl9I9cmsyPfGeE="></latexit>



• Intuition: a lot of redundancy in training data; no need to 
use the entire batch in each iteration.


• Empirical observation: SGD exploits the training data 
efficiently in the beginning, but quickly saturates.

!16
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Fig. 3.1 Empirical risk Rn as a function of the number of accessed data points (ADPs) for a batch
L-BFGS method and the SG method (3.7) on a binary classification problem with a logistic
loss objective and the RCV1 dataset. SG was run with a fixed stepsize of α = 4.

∇fik(wk). Each set of n consecutive accesses is called an epoch. The batch method
performs only one step per epoch, while SG performs n steps per epoch. The plot
shows the behavior over the first ten epochs. The advantage of SG is striking and
representative of typical behavior in practice. (One should note, however, that to
obtain such efficient behavior, it was necessary to run SG repeatedly using different
choices for the stepsize α until a good choice was identified for this particular problem.
We discuss theoretical and practical issues related to the choice of stepsize in our
analysis in section 4.)

At this point, it is worthwhile to mention that the fast initial improvement
achieved by SG, followed by a drastic slowdown after one or two epochs, is com-
mon in practice and fairly well understood. An intuitive way to explain this behavior
is by considering the following example due to Bertsekas [15].

Example 3.1. Suppose that each fi in (3.6) is a convex quadratic with minimal
value at zero and minimizers wi,∗ evenly distributed in [−1, 1] such that the minimizer
of Rn is w∗ = 0; see Figure 3.2. At w1 ≪ −1, SG will, with certainty, move to the
right (toward w∗). Indeed, even if a subsequent iterate lies slightly to the right of the
minimizer w1,∗ of the “leftmost” quadratic, it is likely (but not certain) that SG will
continue moving to the right. However, as iterates near w∗, the algorithm enters a
region of confusion in which there is a significant chance that a step will not move
toward w∗. In this manner, progress will slow significantly. Only with more complete
gradient information could the method know with certainty how to move toward w∗.

w1 −1 w1,* 1

Fig. 3.2 Simple illustration to motivate the fast initial behavior of the SG method for minimizing
empirical risk (3.6), where each fi is a convex quadratic. This example is adapted from
[15].
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◆ Binary classification 
◆ RCV1 dataset  
◆ Logistic loss 
◆ SGD learning rate  
◆ Batch method: limited memory 

BFGS, a quasi-Newton method

⌘t = 4
<latexit sha1_base64="jHK8bbjUFmOSqNQ9JulMzciBeC8="></latexit>

[Bottou, Curtis, and Nocedal, 2018]



Intuitive Explanation
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When getting close to      , the point becomes “confused” 
and moves to the optimum very slowly (with fixed step size).
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Emerging Questions
• Convergence guarantees of SGD?

• How does it depend on the problem structure?

• How does it depend on how well the stochastic gradient 

estimates the true gradient?

• Better choice of step sizes (learning rate)?

• Acceleration?


Next: some theoretical results to answer these questions in 
a rigorous and systematic way.


Begin with convex problems.
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Why Convexity
Without further structural conditions, it is hard to obtain 
global convergence (no assumption on initialization) to 
global (or even local) optimum


Convexity guarantees global convergence to optimum.

Local optimum = global optimum.


Note:

• Most algorithms still work without convexity

• Landscape of non-convex problems: local convexity 

around a local minimum
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Convexity – Convex Set
• Convex set: a set                is convex if                    and                   
		 	 	    ,
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Convexity – Convex Function
• Convex set: a set                is convex if                    and                   
		 	 	    ,


• Convex function: a function                    is convex if its 
domain is a convex set and                                                 
(                                    ,                  ,	 	 	 	 	 	 	   ) 
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Conditions for Convexity
• For a differentiable function                    , it is convex iff
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Conditions for Convexity
• For a differentiable function                    , it is convex iff


• For a general function                   , define its 
subdifferential at point     as 


Function                    is convex iff 
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Conditions for Convexity
• For a differentiable function                    , it is convex iff


• For a general function                   , define its 
subdifferential at point     as 


Function                    is convex iff 


• For a twice-differentiable function                   , it is convex 
iff its Hessian is positive semi-definite:
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Minimizer of a Convex Function
• Convex program (convex optimization problem):


‣ Objective function                     is a convex function

‣ Feasible set       is a convex set.


• For a differentiable convex objective function                   , 
the minimizer of the above can be characterized by the 
following first-order optimality condition:


• Local optimum = global optimum for convex programs
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Strong Convexity
Sometimes we need something stronger than convexity.

Get faster convergence, gain stability for the minimizer, etc.

• A function                    is called    -strongly convex if 		
		 	 	 	 	 	 	 	    ,


• First-order condition:


• Second-order condition:


• Minimizer of    -strongly convex function (say,      ) satisfies
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Smoothness
• If a function has a Lipschitz continuous gradient, it must 

be fairly smooth. The degree of smoothness is governed 
by the Lipschitz constant of the gradient.


• A differentiable function                     is    -smooth if 


• First-order condition:


• Second-order condition:


• Note: it is dual of strong convexity.

!33

g : W ! R
<latexit sha1_base64="1fDMjZ6SJ28DqkWneW9h5Kj5mMs="></latexit>

β
<latexit sha1_base64="fKqsEhHr7nPDeTlecr/ofs5+6L8="></latexit>

⟨∇g(w)−∇g(v),w − v⟩ ≤ β ∥w − v∥2 ∀w,v ∈ W
<latexit sha1_base64="bCiVNFUXf08mVm6TaSlj1bp+Z6U="></latexit>

g(v)− g1;w(v) ≤ β
2 ∥v −w∥2 ∀w,v ∈ W

<latexit sha1_base64="/LmrVkDef5wcdFtRH0m8hw2MLsU="></latexit>

∇2g(w) ≼ βId, ∀w ∈ W
<latexit sha1_base64="7ZYg0pVGPVUhQ4MaQa8znDXnZJE="></latexit>



!34

Non-smooth Smooth



Gradient Method
• Consider unconstrained smooth optimization:


• A general descent iterative method:

‣ Update: call the oracle and decide an increment       to “move” the 

point from	     to           :

‣ The direction            is called the descent direction.


• In unconstrained smooth problems with first-order oracle, 
the descent direction is usually determined by gradients.


• Gradient descent: choose the descent direction as the 
anti-gradient:
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Constrained Problems

• The feasible set tells hard constraints on the solution.


• In general the feasible set              . GD might go out of 
bound. Some additional steps are needed.


• First idea: after the descent, find the “closest” point in     
and use it as the new iterate.
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min
x2Q

f(x)
<latexit sha1_base64="psG52TZcDnZjijE2Zf/m8AsWhps="></latexit>

Q ! Rd
<latexit sha1_base64="GlhkE9GbOQbpaJKSlJHcNcyQSNY="></latexit>

Q
<latexit sha1_base64="WCoJrJ5bSsNl4YTuaoEjRh5bcAk="></latexit>



Projected Gradient Descent

• Projection step (Euclidean Projection): 


• Caveat: projection might be computationally expensive.
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Q
<latexit sha1_base64="eaU6bHjCWowNPuPFt/0SDiH1pTE="></latexit>

projection

ProjQ{x} ! argmin
y∈Q

∥y − x∥2
<latexit sha1_base64="eXals4WvqYndKkKP36YKQfFQueA="></latexit>

x[t] − ηt∇f(x[t])
<latexit sha1_base64="p0pYd6j1DspiPkOVI9dlV4nHBWA="></latexit>

ProjQ
{
x[t] − ηt∇f(x[t])

}
=: x[t+1]

<latexit sha1_base64="47fgG/Jy0q8oQOAML+rcGxXBLkQ="></latexit>

x

[t]
<latexit sha1_base64="TtnqsLDuYFWkYXVVgaEOfwbJEJY="></latexit>



Convergence of Gradient Descent
Set-up:

• Criterion:		 	 	 	 	     (gap in objective function values)

• # of update iterations:

• Initial distance to the optimum:


Convex,    -smooth objective function:

• Convexity only:                   

•    -strongly convex:

• Achieved with fixed step size
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β
<latexit sha1_base64="ku7bE7Ig3G7CUi4lWz9eLYHuZnA="></latexit>

τ
<latexit sha1_base64="gh0Eo2JsMIO1IRV0Ko/+igYF8n4="></latexit>

O(D�⌧�1)
<latexit sha1_base64="J742XoB5bYwQeQEPP0e2zKJKFM8="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit> O(Dβ(1− α

β )
τ )

<latexit sha1_base64="E5Ail4VDu0ZhjJHij4Oo9juQ9VQ="></latexit>

⌘t = ��1
<latexit sha1_base64="wOQ/l0o/xiE0MqWuklWlN+tuXhA="></latexit>

f(x )� f(x⇤)
<latexit sha1_base64="Cg644OCOUCs1bt3QAcY05eTor4M="></latexit>

D := kx[1] � x

⇤k2
<latexit sha1_base64="fzYj+vvWH75fQMzlqU/rV2QMY5g="></latexit>



Non-Differentiable Problems
What if it is not differentiable at certain points?


Idea: replace the gradient by a subgradient.

• Call it “subgradient descent” (sGD).


How to guarantee convergence without smoothness?

• Subgradient may no longer be a descent direction.

• Convergence becomes slower.
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Anti-subgradient ≠ Descent Direction 
• With smoothness, anti-gradient direction is a descent 

direction as long as step size is small enough.


• Without smoothness, this is no longer true. 


• Example:

At                           :

‣ 	 	 	 	 	 	 	  , 	      is a descent direction.  

‣ 	 	 	 	 	 	 	  , 	      is not a descent direction.


• Why? Without smoothness, one can change directions 
significantly but still satisfy the subgradient condition.


• Since  	                             is no longer monotone, the 
final output of the algorithm is no longer the last one. 
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f(x1, x2) = |x1|+ 2|x2|
<latexit sha1_base64="gEbJgzDeiXg4eB3iYgQiN4cQZxc="></latexit>

(x1, x2) = (1, 0)
<latexit sha1_base64="GMkxpE3ZsQTSqONreYeBZgYh/eE="></latexit>

g1 = (1, 0) 2 @f(x1, x2)
<latexit sha1_base64="kN2/e800hXyIA7fLo0fL99H+18U="></latexit>

�g1
<latexit sha1_base64="q4+cD1Ig5rnmCHjk29uJ7O2+BGM="></latexit>

g2 = (1, 2) 2 @f(x1, x2)
<latexit sha1_base64="9Ngm33aEgc5iF5enAcL471bB9RE="></latexit>

�g2
<latexit sha1_base64="cCHuyGqkwa41Oqbb2b/h2/Oe7JQ="></latexit>

{f(x[t]), t = 1, 2, ...}
<latexit sha1_base64="ytM1Ck9e9+MO89wUHwAPqjNI6aI="></latexit>



Lipschitz Continuity
• A function                     is    -Lipschitz if                        , 


• Intuitively, Lipschitz function cannot change too fast.


• For a convex function     defined on an open set              , 
being    -Lipschitz is equivalent to having bounded 
(sub-)gradients (upper bounded by   ). 
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ρ
<latexit sha1_base64="19UqaHJ6r4YzVXixlxw/lPcUDow="></latexit>

g : W ! R
<latexit sha1_base64="1fDMjZ6SJ28DqkWneW9h5Kj5mMs="></latexit>

∀w1,w2 ∈ W
<latexit sha1_base64="yWB3Jm9WbwskJ7yZWCagSERGQlI="></latexit>

|g(w1)− g(w2)| ≤ ρ ∥w1 −w2∥
<latexit sha1_base64="45zi04uxyIs11Mu3GJ7avLYMATY="></latexit>

g
<latexit sha1_base64="pduGg30nsOVAnpkAbevPmi8rOIk="></latexit>

ρ
<latexit sha1_base64="19UqaHJ6r4YzVXixlxw/lPcUDow="></latexit>

W ⊆ Rd
<latexit sha1_base64="leMlvG8rKXRW1S3CzyCJtXI5hi0="></latexit>

ρ
<latexit sha1_base64="19UqaHJ6r4YzVXixlxw/lPcUDow="></latexit>



Convergence of Gradient Descent
Set-up:

• Criterion:		 	 	 	 	     (gap in objective function values)

• # of update iterations:

• Initial distance to the optimum:


Convex,    -Lipschitz continuous objective function:

• Convexity only:

•    -strongly convex:

• Taking average of the iterates

• Or selecting the best among all iterates
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τ
<latexit sha1_base64="gh0Eo2JsMIO1IRV0Ko/+igYF8n4="></latexit>

⇢
<latexit sha1_base64="HR7dalk8UBXNNHOkVApbWEqOF7g="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit> O(ρ2α−1τ−1)

<latexit sha1_base64="fExl53taavIT4tB6rEOuO1qp7MM="></latexit>

f(x )� f(x⇤)
<latexit sha1_base64="Cg644OCOUCs1bt3QAcY05eTor4M="></latexit>

D := kx[1] � x

⇤k2
<latexit sha1_base64="fzYj+vvWH75fQMzlqU/rV2QMY5g="></latexit>

O(
p
D⇢2⌧�

1
2 )

<latexit sha1_base64="2kY/f/ioZiGxpZpOkOzP36QZ8XU="></latexit>



Summary: Iteration Complexity
Criterion: 


Convex,    -smooth objective function:

• Convexity only:                   

•    -strongly convex:


Convex,    -Lipschitz continuous objective function:

• Convexity only:

•    -strongly convex:
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f(x )− f(x∗) ≤ ϵ
<latexit sha1_base64="BEbdFk7fiNggJgidJDRbZRNkx50="></latexit>

β
<latexit sha1_base64="ku7bE7Ig3G7CUi4lWz9eLYHuZnA="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit>

O(D�✏�1)
<latexit sha1_base64="4He4uZz0pyVHDyI/nULFPjOLAMs="></latexit>

O( βα log(ϵ−1))
<latexit sha1_base64="0SBDJGmhtJsb0vLG1YPKmVn9t6I="></latexit>

condition number
κ ! β/α

<latexit sha1_base64="k89hBbbUH6bqa3ZRc62Y4s2vCuw="></latexit>

⇢
<latexit sha1_base64="HR7dalk8UBXNNHOkVApbWEqOF7g="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit> O(⇢2↵�1✏�1)

<latexit sha1_base64="yTr+UiXGqNWhghZFfyrJoPn99ss="></latexit>

O(Dρ2ϵ−2)
<latexit sha1_base64="csQjNaDgWufsHlLrXEKsCKY0gRQ="></latexit>



Work Complexity of Full GD in Training

Criterion: 	 	 	 	 	 	 	  . 	Per iteration cost: 


Convex,    -smooth loss function:

• Convexity only:                   

•    -strongly convex:


Convex,    -Lipschitz continuous loss function:

• Convexity only:

•    -strongly convex:
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β
<latexit sha1_base64="ku7bE7Ig3G7CUi4lWz9eLYHuZnA="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit>

O(D�✏�1)
<latexit sha1_base64="4He4uZz0pyVHDyI/nULFPjOLAMs="></latexit>

⇢
<latexit sha1_base64="HR7dalk8UBXNNHOkVApbWEqOF7g="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit> O(⇢2↵�1✏�1)

<latexit sha1_base64="yTr+UiXGqNWhghZFfyrJoPn99ss="></latexit>

O(Dρ2ϵ−2)
<latexit sha1_base64="csQjNaDgWufsHlLrXEKsCKY0gRQ="></latexit>

F (w )� F (w⇤)  ✏
<latexit sha1_base64="tvrFHAotPZvGTobfJc/bxna4g9k="></latexit>

⇥(nd)
<latexit sha1_base64="zHZ3Umst2PxkIyhSx4CcDuLij0M="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

O( log(✏�1
))

<latexit sha1_base64="BPAcRqTz+ysjOG/yf/1E/2uOQ7I="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

minw F (w) ≡ 1
n

∑n
i=1 ℓ(w, zi)︸ ︷︷ ︸

fi(w)

, w ∈ Rd

<latexit sha1_base64="09DJzXKP1Dr/ioOR8n0toLfUxKE="></latexit>



Stochastic Convex Optimization

Questions:

• What if the (sub)gradient becomes noisy? 

• How does the noise impact the convergence rate?


Convergence in expectation (can be strengthened)

• Convergence for strongly convex smooth optimization 

slows down significantly. Fixed step sizes fail.

• Convergence for non-smooth problems is not affected.
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min
w2Rd

F (w) = EZ [f(w;Z)]
<latexit sha1_base64="nYeIzN84i5fxhuf+T4uSnOd6enc="></latexit>



Stochastic (sub)Gradient Method
Stochastic (sub)Gradient Method


Initialize: 		 start with       

Update:	 	 in each iteration         :

		 	 	 	 1)	 Generate a realization of a random 
		 	 	 	 2)	 Compute a stochastic vector 
		 	 	 	 3)	 Choose a step size 
		 	 	 	 4)	 Update    

Terminate:	 after    iterations, output 


• Here                  is an unbiased estimate of subgradient:
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w[t+1]  w[t] � ⌘tg(w
[t], ⇠t)

<latexit sha1_base64="RXwlrA6OpiR8gsP8q3NrgxlkunQ="></latexit>

w[1]
<latexit sha1_base64="d2DNPcBzZTO2zQSse8skwfgQO8Y="></latexit>

t ≥ 1
<latexit sha1_base64="WtUdyNvIAwZZiCB8r+xcCRWCxzs="></latexit>

⇠t
<latexit sha1_base64="TCxahzJjBFzmAl439vGMqMCs4zY="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

⌘t > 0
<latexit sha1_base64="lUnohHw7mlmQ0BuZkV+c+zX8EnI="></latexit>

τ
<latexit sha1_base64="FnRU3zzgwzXcm/d4ncYEqW02A7k="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

Eξt

[
g(w[t], ξt)

∣∣w[t]
]
∈ ∂F (w[t])

<latexit sha1_base64="ie9gkNk0rF1jzYVUvkZy9LfyqyI="></latexit>

w
f
= {w[1], ...,w[⌧+1]}

<latexit sha1_base64="7BKla2OZMoGK9qHMaBLt6k1VRvw="></latexit>
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Stochastic Gradient Descent (SGD)
• For machine learning, one would like to 

minimize the true risk:

‣ If we know    , one can compute its 
(sub)gradient, and use GD to solve it

‣ Unfortunately     is unknown. Previously we 
replace the objective function by (regularized) 
empirical risk

• Alternative approach: still use GD, but 
use a random direction to estimate the 
true (sub)gradient unbiasedly

• Randomized update rule:

• How to pick the random direction       ?
31

minw L(w;P )
w 2 W

<latexit sha1_base64="c7Dlo/8yoD9I3dWZOahi2dDzmJg="></latexit><latexit sha1_base64="c7Dlo/8yoD9I3dWZOahi2dDzmJg="></latexit><latexit sha1_base64="c7Dlo/8yoD9I3dWZOahi2dDzmJg="></latexit><latexit sha1_base64="4wWU4ctsQUNKqA00qL1ExM0NBJI="></latexit>

P
<latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="0UjXELchO5yMOdTGk4qcGhzL7h0="></latexit>

P
<latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="ml+wxm2ibyEoyulR2c6ErbQ9lqQ="></latexit><latexit sha1_base64="0UjXELchO5yMOdTGk4qcGhzL7h0="></latexit>

14.3 Stochastic Gradient Descent (SGD) 191

Figure 14.3 An illustration of the gradient descent algorithm (left) and the stochastic
gradient descent algorithm (right). The function to be minimized is
1.25(x+ 6)2 + (y � 8)2. For the stochastic case, the black line depicts the averaged
value of w.

14.3 Stochastic Gradient Descent (SGD)

In stochastic gradient descent we do not require the update direction to be based
exactly on the gradient. Instead, we allow the direction to be a random vector
and only require that its expected value at each iteration will equal the gradient
direction. Or, more generally, we require that the expected value of the random
vector will be a subgradient of the function at the current vector.

Stochastic Gradient Descent (SGD) for minimizing

f(w)

parameters: Scalar ⌘ > 0, integer T > 0
initialize: w(1) = 0
for t = 1, 2, . . . , T
choose vt at random from a distribution such that E[vt |w(t)] 2 @f(w(t))
update w(t+1) = w(t) � ⌘vt

output w̄ = 1
T

PT
t=1 w

(t)

An illustration of stochastic gradient descent versus gradient descent is given
in Figure 14.3. As we will see in Section 14.5, in the context of learning problems,
it is easy to find a random vector whose expectation is a subgradient of the risk
function.

14.3.1 Analysis of SGD for Convex-Lipschitz-Bounded Functions

Recall the bound we achieved for the GD algorithm in Corollary 14.2. For the
stochastic case, in which only the expectation of vt is in @f(w(t)), we cannot
directly apply Equation (14.3). However, since the expected value of vt is a

V [t]
<latexit sha1_base64="nPfvef0cifxr22k4UXIzPAMrIZo="></latexit><latexit sha1_base64="nPfvef0cifxr22k4UXIzPAMrIZo="></latexit><latexit sha1_base64="nPfvef0cifxr22k4UXIzPAMrIZo="></latexit><latexit sha1_base64="p6fSTOuNiUSCbQ1JbR+BSVmtMQY="></latexit>

W [t+1] = W [t] − ηtV [t]
<latexit sha1_base64="eKgQhTa7+Y4SDJyixLVSFbiNvhQ="></latexit><latexit sha1_base64="Sn27c1e4n3JhshaLc9jCndKO55Y="></latexit><latexit sha1_base64="Sn27c1e4n3JhshaLc9jCndKO55Y="></latexit><latexit sha1_base64="ZRsmgROwMd5yjm55nHlTgz7iOjw="></latexit>

E
[
V [t]

∣∣W [t]
]
∈ ∂wL(W [t];P )

<latexit sha1_base64="+6itfm3egpkX2nMOYThuGx83w4Q="></latexit><latexit sha1_base64="+6itfm3egpkX2nMOYThuGx83w4Q="></latexit><latexit sha1_base64="+6itfm3egpkX2nMOYThuGx83w4Q="></latexit><latexit sha1_base64="Sg9dS0i/Jp7VeeMz3atapVJwpJA="></latexit>

final output: W f
= (W [1], ...,W [T ])

<latexit sha1_base64="POf3YOdBplGIhudv7GGmOLvyD2s="></latexit><latexit sha1_base64="POf3YOdBplGIhudv7GGmOLvyD2s="></latexit><latexit sha1_base64="POf3YOdBplGIhudv7GGmOLvyD2s="></latexit><latexit sha1_base64="tIiNFwz+dUPV6nUlKKJ9+NqX5o0="></latexit>

ex: W = W = 1
T

∑T
t=1 W

[t]
<latexit sha1_base64="Nj5QAiUtxVYP5Da1n0Vv3okTrwc="></latexit><latexit sha1_base64="QVkCdZlzvSQYZi6OVPAjxeZDLwY="></latexit><latexit sha1_base64="QVkCdZlzvSQYZi6OVPAjxeZDLwY="></latexit><latexit sha1_base64="KshXJ2JhmrRP09tl5CSSg5Ra93o="></latexit>

Gradient Descent (GD)
• A standard iterative approach to solve 

optimization problems such as

‣ Start with         as the initial value
‣ In each step              , come up with the next 

one based on some update rule      : 

‣ If the objective function is differentiable, that is, 
gradient                                                exists, 
then the update rule for a vanilla GD is 

‣ In general, if it is not differentiable, just replace 
the gradient by a subgradient  

‣ Projection step: to keep in the feasible set.

30

minw f(w)
w 2 C
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w[t+1] = Gt(w[t])
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∇f !
[

∂f
∂w1

∂f
∂w2

... ∂f
∂wd

]ᵀ
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w[t+1] = w[t] − ηt∇f(w[t])
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g[t] ∈ ∂f(w[t])
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Figure 14.1 An illustration of the gradient descent algorithm. The function to be
minimized is 1.25(x

1

+ 6)2 + (x
2

� 8)2.

14.1.1 Analysis of GD for Convex-Lipschitz Functions

To analyze the convergence rate of the GD algorithm, we limit ourselves to
the case of convex-Lipschitz functions (as we have seen, many problems lend
themselves easily to this setting). Let w? be any vector and let B be an upper
bound on kw?k. It is convenient to think of w? as the minimizer of f(w), but
the analysis that follows holds for every w?.
We would like to obtain an upper bound on the suboptimality of our solution

with respect to w?, namely, f(w̄) � f(w?), where w̄ = 1
T

PT
t=1 w

(t). From the
definition of w̄, and using Jensen’s inequality, we have that

f(w̄)� f(w?) = f

 
1
T

TX

t=1

w(t)

!
� f(w?)

 1

T

TX

t=1

⇣
f(w(t))

⌘
� f(w?)

=
1

T

TX

t=1

⇣
f(w(t))� f(w?)

⌘
. (14.2)

For every t, because of the convexity of f , we have that

f(w(t))� f(w?)  hw(t) �w?,rf(w(t))i. (14.3)

Combining the preceding we obtain

f(w̄)� f(w?)  1

T

TX

t=1

hw(t) �w?,rf(w(t))i.

To bound the right-hand side we rely on the following lemma:

w[t+1] = ProjC
{
w[t] − ηtg[t]

}
<latexit sha1_base64="oSRujFUneOPDXorPxPvNUT75zIs=">AAAV8nicjZhbbxy3FYAnl7bJ9hKnjZ7yQlQRIDf2YnfjoIEDAUIspzJqF7ItK0E12wVnhrNDi3MRydVKHcxP6B/oU4u+9q2/Jq/tH+k5c1suOXJ8AMtDnu/wHB6eITkbFIIrPZn88M67773/k5/+7IMPRz//xS9/9dGdj399pvKVDNmrMBe5/D6gigmesVeaa8G+LySjaSDYd8HFI9R/d8Wk4nl2qm8KNk/pMuMxD6mGrsWdZ3 </latexit><latexit sha1_base64="Q2BHBZ6s8Xq2ZtQW2SGRo5bdCTQ=">AAAV8nicjZhfbxy3EcAvadok139OWz3lhagiQG7sw93FRQMHAoRaTmXULmRbVoJqLwfuLveWFvePSJ5O6mI/QdEvUPQl6Gvf+l0K5LX9Ip3Zf8clV44HsLzk/IYzHM6S3PNzwZWeTr97590fvPfDH73/wYfjH//kpz/7+Z2PfnGmsrUM2KsgE5n82qeKCZ6yV5prwb7OJaOJL9hX/sUj1H91xaTiWXqqb3K2SOgq5REPqIau5Z </latexit><latexit sha1_base64="Q2BHBZ6s8Xq2ZtQW2SGRo5bdCTQ=">AAAV8nicjZhfbxy3EcAvadok139OWz3lhagiQG7sw93FRQMHAoRaTmXULmRbVoJqLwfuLveWFvePSJ5O6mI/QdEvUPQl6Gvf+l0K5LX9Ip3Zf8clV44HsLzk/IYzHM6S3PNzwZWeTr97590fvPfDH73/wYfjH//kpz/7+Z2PfnGmsrUM2KsgE5n82qeKCZ6yV5prwb7OJaOJL9hX/sUj1H91xaTiWXqqb3K2SOgq5REPqIau5Z </latexit><latexit sha1_base64="rOc04qKFaGhEERCIYcrUJJGNPbg=">AAAV8nicjZhbbxy3FYA36S3dXuK01VNfiCoC5MZe7G5cNHAgQKjlVEbtQrZlJahmu+DMcHZocS4iubp0MD+hf6BvRV/71l+T1/aP9BzOZbnkyPEBtBryfIfnkDy8zISl4EpPp99+8OH3vv+DH/7oox+Pf/LTn/3843uf/OJMFWsZsTdRIQr5TUgVEzxnbzTXgn1TSkazULCvw4snqP/6iknFi/xU35ZskdFVzhMeUQ1Vy3svgj </latexit>

w[0]
<latexit sha1_base64="B4ygI4xKDc2ZdfAolFSN+ACDZgI="></latexit><latexit sha1_base64="B4ygI4xKDc2ZdfAolFSN+ACDZgI="></latexit><latexit sha1_base64="B4ygI4xKDc2ZdfAolFSN+ACDZgI="></latexit><latexit sha1_base64="RE4T80v1Lt4Nab1BRCX73akAl7I="></latexit>

t, t ≥ 0
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Strongly Convex Smooth Problems

Assumptions:

•                    is   -strongly convex and   -smooth  

• Variance of 		 	 	    is controlled:


Convergence: for fixed step size	 	 	 	 	 , 
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min
w2Rd

F (w) = EZ [f(w;Z)]
<latexit sha1_base64="nYeIzN84i5fxhuf+T4uSnOd6enc="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

F : Rd → R
<latexit sha1_base64="o4hSHIqEmqULvBvAy1y9sv9SZa4="></latexit>

β
<latexit sha1_base64="ku7bE7Ig3G7CUi4lWz9eLYHuZnA="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit>

ηt = η ≤ 1
βc

<latexit sha1_base64="H3jeCRmyoKN99eypGUMCdGEKo8Y="></latexit>

E
h
F (w[⌧+1])� F (w⇤)

i
 (1� ⌘↵)⌧ (F (w[1])� F (w⇤))

+ �
↵

⌘
2�

2
<latexit sha1_base64="/wWJp4Ef9wTP45iS5Ke8xlorkoY="></latexit>

Eξ

[
∥g(w, ξ)∥2

]
≤ σ2 + c ∥∇F (w)∥2, ∀w

<latexit sha1_base64="QEdZfSgGSk/p/5/Ak6ERWNDY/Jk="></latexit>



Impact of Noise and Step Sizes

• Fast progress in the beginning.


• Once getting close to the optimum, variation of SG 
prevents further progress


• Smaller step sizes give more accurate final answers, but 
SGD converges much more slowly


• Go for diminishing step sizes
!49

E
h
F (w[⌧+1])� F (w⇤)

i
 (1� ⌘↵)⌧ (F (w[1])� F (w⇤))

+ �
↵

⌘
2�

2
<latexit sha1_base64="/wWJp4Ef9wTP45iS5Ke8xlorkoY="></latexit>



Diminishing Step Sizes
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• Practical idea: whenever progress slows down, reduce 
the step size.


• Balancing the two terms gives an              convergence:O(⌧�1)
<latexit sha1_base64="dARZ8kuou9vvog+uxd+MdbzXgbw="></latexit>
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Objective

Iterate

Whenever progress stalls, we half step sizes and repeat. 



Diminishing Step Sizes
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• Practical idea: whenever progress slows down, reduce 
the step size.


• Balancing the two terms gives an              convergence:


Convergence: with diminishing step sizes                   , 


• A similar        order holds without smoothness.

• Lower bound: for first-order stochastic optimization 

problems, the order        cannot be improved anymore.

O(⌧�1)
<latexit sha1_base64="dARZ8kuou9vvog+uxd+MdbzXgbw="></latexit>

ηt = Ω( 1
αt )

<latexit sha1_base64="QkUU6ixHk+3g7MxHZJVqj9JOu1Y="></latexit>

E
[
F (w[τ+1])− F (w∗)

]
= O(max{σ2, D}α−1τ−1)

<latexit sha1_base64="Wl1Dv6gAvA71RZsJb9ewNRm7aDQ="></latexit>

τ−1
<latexit sha1_base64="ynKwfYXeXz54Mi6pAcOF6EXFLAM="></latexit>

τ−1
<latexit sha1_base64="ynKwfYXeXz54Mi6pAcOF6EXFLAM="></latexit>



Non-Smooth Problems
• Without smoothness: stochastic subgradient method.


• Convergence guarantee is identical to the deterministic 
version (in expectation). Analysis is similar too. 


Convergence: suppose the stochastic subgradient is 
bounded almost surely (       ), with constant step size    ,


Strong convexity improves the convergence to 


Remark: smoothness does not help improve the order!
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≤ ρ
<latexit sha1_base64="SUuaq7NASukPBUy+8sAz0EDwoqg="></latexit>

η
<latexit sha1_base64="Fr5HWumrHPgkpt/DoXZIPqm6cqw="></latexit>

E
[
F (w[τ ])− F (w∗)

]
≤ D

2ητ + ηρ2

2
<latexit sha1_base64="S5YErtHjxT/oLQWflSS16ewDnFQ="></latexit>

w[τ ] ≡ 1
τ

∑τ
t=1 w

[t]
<latexit sha1_base64="NvK9sEu+Kx3RqYfwrGRvwlDGZdM="></latexit>

= O(
√
Dρ2τ−

1
2 )

<latexit sha1_base64="74uAElz/X0Ng5l5Y3fz1h1Tv1D8="></latexit>

O(ρ
2

α τ−1)
<latexit sha1_base64="KZY5nqtrK2+fNrGgCtV23nPd4mA="></latexit>



Training Cost Comparison

Per iteration cost:               vs. 


Convex,    -smooth loss function:

• Convexity only:  


•    -strongly convex:


Convex,    -Lipschitz continuous loss function:

• Not need to compare. SGD is clear winner.
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β
<latexit sha1_base64="ku7bE7Ig3G7CUi4lWz9eLYHuZnA="></latexit>

↵
<latexit sha1_base64="KYq7zvu+/f5Pak2pZm/+mAQHNpU="></latexit>

O(D�✏�1)
<latexit sha1_base64="4He4uZz0pyVHDyI/nULFPjOLAMs="></latexit>

⇢
<latexit sha1_base64="HR7dalk8UBXNNHOkVApbWEqOF7g="></latexit>

⇥(nd)
<latexit sha1_base64="zHZ3Umst2PxkIyhSx4CcDuLij0M="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

O( log(✏�1
))

<latexit sha1_base64="BPAcRqTz+ysjOG/yf/1E/2uOQ7I="></latexit>

⇥⇥(nd)
<latexit sha1_base64="zQ9umZHQO2Hzo+84YgrcgbPwdFA="></latexit>

minw F (w) ≡ 1
n

∑n
i=1 ℓ(w, zi)︸ ︷︷ ︸

fi(w)

, w ∈ Rd

<latexit sha1_base64="09DJzXKP1Dr/ioOR8n0toLfUxKE="></latexit>

Θ(d)
<latexit sha1_base64="HzL+ey7c5WHMF2ayED1p+8m6wrU="></latexit>

O(Dρ2ϵ−2)
<latexit sha1_base64="csQjNaDgWufsHlLrXEKsCKY0gRQ="></latexit>

O(↵�1✏�1)
<latexit sha1_base64="MB26apeJYqNwiOI6K7CVTUH/gJE="></latexit>

×Θ(d)
<latexit sha1_base64="4xhOVkpRy94gs5LEaBGE91gx0qQ="></latexit>

×Θ(d)
<latexit sha1_base64="4xhOVkpRy94gs5LEaBGE91gx0qQ="></latexit>
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SGD

Full GD
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Training error

Time

≈<latexit sha1_base64="zGrya//ZGVGu0bZfTzH+F/6PfjU="></latexit>

Full GD

SGD

Where does this happen?

Depends on size of data set

Possible?



Variability of Stochastic Gradients 

• SGD with constant step sizes tends to oscillate around 
global minimum, since large step sizes cannot suppress 
variability in stochastic gradients.


• Key: variability of                 ,     .


• For vanilla SGD in training,

Not negligible even when  
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E
h
F (w[⌧+1])� F (w⇤)

i
 (1� ⌘↵)⌧ (F (w[1])� F (w⇤))

+ �
↵

⌘
2�

2
<latexit sha1_base64="/wWJp4Ef9wTP45iS5Ke8xlorkoY="></latexit>

g(w[t], ⇠t)
<latexit sha1_base64="xCSV+y8vEZo1MKrPkCRao5dgzWo="></latexit>

�2
<latexit sha1_base64="PN1V9IYXzJ0Bbl4Qq7WDsBM1o1Q="></latexit>

w[t] = w∗
<latexit sha1_base64="hPvN4uxLxkQaRyklfNI6as2R9Ns="></latexit>

g(w[t], ⇠t) = rf⇠t(w
[t])

<latexit sha1_base64="YFpmPTgCM5e/r1tdVVdIyjjHCgE="></latexit>



Variance Reduction
• Instead of vanilla SGD                                       , use other 

kinds of stochastic gradient with smaller variability.


• Minibatch:

Minibatch size                 , variance reduced by            .

Batch size can be dynamic.


• Gradient aggregation: take some zero-mean       and set 


Still an unbiased estimate of full gradient.

      highly correlated with                  to reduce variance.

Use past gradient info if current iterate close to past ones
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g(w[t], ⇠t) rf⇠t(w[t])
<latexit sha1_base64="10ZMx/Mgvt+2V1pQSGN9JZQKBGw="></latexit>

g(w[t], ξt)← 1
|ξt|

∑
i∈ξt
∇fi(w[t])

<latexit sha1_base64="d1UcHi0Q2P9FgK9XnvKaSAJa9xQ="></latexit>

|ξt| = n
<latexit sha1_base64="WPJmPXOZOjT0RayEBOmDqFWcd5Y="></latexit>

1/n
<latexit sha1_base64="hraSDJBUSc35BM5cx9Qs7/LN2pw="></latexit>

g(w[t], ⇠t) rf⇠t(w[t])� v[t]
<latexit sha1_base64="eb9psTL0xSaVsgrER7oicndx/l4="></latexit>

v[t]
<latexit sha1_base64="unM8XvX8B2SMnX/QDkehgwz0JCY="></latexit>

v[t]
<latexit sha1_base64="unM8XvX8B2SMnX/QDkehgwz0JCY="></latexit>

rf⇠t(w
[t])

<latexit sha1_base64="MFrn9TMaTFDPClkRNWQdyfjGF/E="></latexit>



Stochastic Variance Reduced Gradient 
Idea: if we can access an previous iterate         , and it is not 
so far away from the current iterate        , then pick


• Roughly equal to the “bias” of                   if 

• Correcting                  towards                :


• It is also zero-mean.
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w[t]
<latexit sha1_base64="RSKMqlung+NFVxfA2zPONxKn+cY="></latexit>

w
<latexit sha1_base64="LIdzohlrMW0Qa0b0lSW/lA93zuk="></latexit>

v[t] = rf⇠t(w )�rF (w )
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rf⇠t(w
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w[t] ⇡ w
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rf⇠t(w
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rF (w[t])
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g(w[t], ⇠t) rf⇠t(w[t])�
�
rf⇠t(w )�rF (w )

�

⇡ rf⇠t(w[t])�
⇣
rf⇠t(w[t])�rF (w[t])

⌘

= rF (w[t])
<latexit sha1_base64="pFyA5yU9Aoe+HI8rcA6I9fW5Uyw="></latexit>



SVRG Algorithm [Johnson and Zhang, 2013]

Run in epochs.


In the   -th epoch:

• Take a snapshot         , compute the full gradient   

• Inner loop: use          to reduce variance: for 


Note: this is a hybrid approach – full gradient + SG

• Full gradient is computed once every epoch.

• Each epoch contains              gradient computations
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t = 1, ...,m
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Summary
• For large-scale ML problems, stochastic methods usually 

have advantage over batch methods


• Typical anecdote: suppress variability of stochastic 
gradients by diminishing step sizes


• How to diminish step size depends on problem structures


• Not covered:

‣ More methods for noise reduction

‣ Non-convex problems
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