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Comparing Two Populations
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Matching Two Populations

to answer that question, use an optimal matching*
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From there, many generalisations
This story describes an ideal experimental setting, 

notably because this requires the same number of cells.
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Challenges Down the Road 
More likely to happen: variable number of cells. 

This requires a more versatile notion of matching,
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f✓(x) ⇡ y?
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Challenges Down the Road 
A broader goal: infer functions able to provide 
out of sample mappings, i.e. a continuous extension.

xi $ y�i
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Challenges Down the Road 
Add even more flexibility: match points 

across heterogeneous dataset views
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An Example from Fairness

Find ✓ such that f✓(xi) ⇡ yi

Person xi, caracteristic yi we wish to predict.

xi yi

typically min✓
P

i `(f✓(xi), yi)
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An Example from Fairness

Found ✓⇤ such that f✓⇤(xi) ⇡ yi

For each individual i, a di↵erent error `(f✓⇤(xi), yi).
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An Example from Fairness

Obviously, ✓⇤
achieved performance by

skewing distribution of `(f✓(xi), yi)
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Goal: enforce fairness 
mechanisms.
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Optimal matchings are needed everywhere!

Goal: predict from 
brain activation maps

Problem:  no two 
persons have the same 

brain, need to match first

Goal: domain 
adaptationIEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. X, NO. X, JANUARY XX 2Dataset 

Class 1Class 2Samples Samples Classifier on 

Optimal transport 

Samples Samples 

Classification on transported samples

Samples Samples Classifier on 
Fig. 1: Illustration of the proposed approach for domain adaptation. (left) dataset for training, i.e. source
domain, and testing, i.e. target domain. Note that a classifier estimated on the training examples clearly does
not fit the target data. (middle) a data dependent transportation map T�0 is estimated and used to transport
the training samples onto the target domain. Note that this transformation is usually not linear. (right) the
transported labeled samples are used for estimating a classifier in the target domain.

tions without having to smoothen them using non-
parametric or semi-parametric approaches; ii) By ex-
ploiting the geometry of the underlying metric space,
they provide meaningful distances even when the
supports of the distributions do not overlap. Leverag-
ing from these properties, we introduce a novel frame-
work for unsupervised domain adaptation, which
consists in learning an optimal transportation based
on empirical observations. In addition, we propose
several regularization terms that favor learning of
better transformations w.r.t. the adaptation problem.
They can either encode class information contained
in the source domain or promote the preservation
of neighborhood structures. An efficient algorithm is
proposed for solving the resulting regularized op-
timal transport optimization problem. Finally, this
framework can also easily be extended to the semi-
supervised case, where few labels are available in the
target domain, by a simple and elegant modification
in the optimal transport optimization problem.

The remainder of this Section presents related
works, while Section 2 formalizes the problem of un-
supervised domain adaptation and discusses the use
of optimal transport for its resolution. Section 3 intro-
duces optimal transport and its regularized version.
Section 4 presents the proposed regularization terms
tailored to fit the domain adaptation constraints. Sec-
tion 5 discusses algorithms for solving the regular-
ized optimal transport problem efficiently. Section 6
evaluates the relevance of our domain adaptation
framework through both synthetic and real-world
examples.

1.1 Related works

Domain adaptation. Domain adaptation strategies
can be roughly divided in two families, depending
on whether they assume the presence of few labels
in the target domain (semi-supervised DA) or not
(unsupervised DA).

In the first family, methods which have been pro-
posed include searching for projections that are dis-
criminative in both domains by using inner products
between source samples and transformed target sam-
ples [42], [32], [29]. Learning projections, for which
labeled samples of the target domain fall on the
correct side of a large margin classifier trained on
the source data, have also been proposed [27]. Several
works based on extraction of common features under
pairwise constraints have also been introduced as
domain adaptation strategies [26], [52], [47].

The second family tackles the domain adaptation
problem assuming, as in this paper, that no labels are
available in the target domain. Besides works dealing
with sample reweighting [46], many works have con-
sidered finding a common feature representation for
the two (or more) domains. Since the representation,
or latent space, is common to all domains, projected
labeled samples from the source domain can be used
to train a classifier that is general [18], [38]. A common
strategy is to propose methods that aim at finding rep-
resentations in which domains match in some sense.
For instance, adaptation can be performed by match-
ing the means of the domains in the feature space [38],
aligning the domains by their correlations [33] or
by using pairwise constraints [51]. In most of these
works, feature extraction is the key tool for finding
a common latent space that embeds discriminative
information shared by all domains.

Recently, the unsupervised domain adaptation
problem has been revisited by considering strategies
based on a gradual alignment of a feature repre-
sentation. In [24], authors start from the hypothesis
that domain adaptation can be better estimated when
comparing gradual distortions. Therefore, they use
intermediary projections of both domains along the
Grassmannian geodesic connecting the source and
target eigenvectors. In [23], [54], all sets of trans-
formed intermediary domains are obtained by using

Problem:  train and test 
data must be matched first
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In all these problems…

•An intermediate matching/mapping step is needed.

•That step is only intermediate in the sense that 
other advanced learning procedures build on top of it.


•Wishlist for a matching framework:

guided by rich theory, to inform new algorithms,

versatile, to accommodate several settings,

scalable, to handle large dim/n datesets,

differentiable, for end-to-end learning,

robust, to perform well in most settings.



That theory is Optimal Transport
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Matchings happen everywhere, so many people 
have (re)discovered it: economics, applied maths, 

pure maths, graphics, and, increasingly ML people! 



Gangbo

Why is it popular across so many fields?
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It has a bit of everything!  theory provides 
theorems; algorithms translate them in tangible 
results; applications guide new developments.

Monge

Kantorovich

Dantzig

OttoMcCann

Koopmans

Nobel’75

Villani

Fields’10

Figalli

Fields’18

CaffarelliBrenier

Ambrosio



Optimal Transport in Data Sciences
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Short Course Outline

1. Introduction to optimal transport

2. Computing OT exactly

3. Computing OT for data science



Introduction to OT

Two examples: moving earth & soldiers

Monge problem, Kantorovich problem

OT as geometry, OT as a loss function
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Origins: Monge Problem (1781)

Gaspard Monge (1746 - 1818)



Origins: Monge Problem (1781)
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Origins: Monge Problem (1781)

When one has to bring earth 
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Easy solution: split the 

task with proportions


120:90:90 = 4:3:3
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Naive approach results in 
many displacements…  
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The problem is entirely described by 

counts and a cost/distance matrix
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Mathematical Formalism
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These problems involve discrete and continuous 
probability measures on a geometric space Ω
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OT: Nature’s way to move particles

screenshot video: ETH Zurich / Michael Steiner, vistory GmbH
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x T (x)

[Monge’81] problem: find a map T : ⌦ ! ⌦

inf
T ]µ=⌫

Z

⌦
c(x,T (x))µ(dx)

Monge Problem
⌦ a measurable space, c : ⌦⇥ ⌦ ! R.
µ,⌫ two probability measures in P(⌦).
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x T (x)

If ⌦ = Rd, c = k ·� · k2,
µ,⌫ a.c., then T = ru, u convex.
[Brenier’87] 
[Monge’81] problem: find a map T : ⌦ ! ⌦

Monge Problem
⌦ a measurable space, c : ⌦⇥ ⌦ ! R.
µ,⌫ two probability measures in P(⌦).
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x T (x)

If ⌦ = Rd, c = k ·� · k2,
µ,⌫ a.c., then T = ru, u convex.
[Brenier’87] 
[Monge’81] problem: find a map T : ⌦ ! ⌦

Monge Problem
⌦ a measurable space, c : ⌦⇥ ⌦ ! R.
µ,⌫ two probability measures in P(⌦).

For any u convex, ru is the OT

Monge map between µ and ru]µ.
<latexit sha1_base64="93dM82r1zkPucqod4IomnqAyMq0="></latexit>

[Brenier’87]:



Links: Monge-Ampère Equation

50

If ⌦ = Rd, c = k ·� ·k2, µ,⌫ have densities
p, q, then T ]µ = ⌫ is equivalent to

p(x) = q(T (x))| det JT (x)|
<latexit sha1_base64="WbvBdxXTVJ70E1MyHl92CzBc4ho="></latexit>

Monge-Ampère: find convex f such that
<latexit sha1_base64="UeFCxEDTokG00JSYTTE7kFppqsI="></latexit>

|r2f(x)| = p(x)

q(rf(x))
<latexit sha1_base64="yO7KE9NcV6lJ/r42VqM8yV/Qv6c="></latexit>
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[Monge’81] problem: find a map T : ⌦ ! ⌦

x T (x)

inf
T ]µ=⌫

Z

⌦
c(x,T (x))µ(dx)

Monge Problem
⌦ a measurable space, c : ⌦⇥ ⌦ ! R.
µ,⌫ two probability measures in P(⌦).
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[Monge’81] problem: find a map T : ⌦ ! ⌦

�x

inf
T ]µ=⌫

Z

⌦
c(x,T (x))µ(dx)

Monge Problem
⌦ a measurable space, c : ⌦⇥ ⌦ ! R.
µ,⌫ two probability measures in P(⌦).



Kantorovich Relaxation
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T (x)x

T : ⌦ ! ⌦

P 2 P(⌦⇥ ⌦)

Instead of maps                  , 

consider probabilistic maps, 


i.e. couplings                         :   



Kantorovich Relaxation

52

P (Y |X = x)

x

T : ⌦ ! ⌦

P 2 P(⌦⇥ ⌦)

Instead of maps                  , 

consider probabilistic maps, 


i.e. couplings                         :   



Kantorovich Relaxation
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⇧(µ,⌫)
def
= {P 2 P(⌦⇥ ⌦)| 8A,B ⇢ ⌦,

P (A⇥ ⌦) = µ(A),

P (⌦⇥B) = ⌫(B)}

Instead of maps                  , 

consider probabilistic maps, 


i.e. couplings                         :   

T : ⌦ ! ⌦

P 2 P(⌦⇥ ⌦)
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⇧(µ,⌫)
def
= {P 2 P(⌦⇥ ⌦)| 8A,B ⇢ ⌦,

P (A⇥ ⌦) = µ(A),P (⌦⇥B) = ⌫(B)}

Joint Probabilities of (µ, ν)

For P ∈ Π(µ,ν),
P ({x},Ω) = µ({x}) and P (Ω, {y}) = ν({y})

−1

0

1

2

3

4−1

0

1

2

3

4
0

0.2

0.4

0.6
µ(x) ν(y)

x y

P

0

0.1

0.2

0.3

P (x, y)

Kantorovich Relaxation
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⇧(µ,⌫)
def
= {P 2 P(⌦⇥ ⌦)| 8A,B ⇢ ⌦,

P (A⇥ ⌦) = µ(A),P (⌦⇥B) = ⌫(B)}

Joint Probabilities of (µ, ν)

For P ∈ Π(µ,ν),
P ({x},Ω) = µ({x}) and P (Ω, {y}) = ν({y})

−1

0

1

2

3

4−1

0

1

2

3

4
0

0.2

0.4

0.6
µ(x) ν(y)

x y

P

0

0.1

0.2

0.3

P (x, y)

Joint Probabilities of (µ, ν)

Π(µ,ν) = probability measures on Ω2

with marginals µ and ν.
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0.4

0.6
µ(x) ν(y)

x y

P

0

5 · 10−2

0.1

0.15

P (x, y)

Joint Probabilities of (µ, ν)

For P ∈ Π(µ,ν),
P ({x},Ω) = µ({x}) and P (Ω, {y}) = ν({y})
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0

0.2

0.4

0.6
µ(x) ν(y)

x y

P

0

0.1

0.2

0.3

P (x, y)

Kantorovich Relaxation



Kantorovich Problem

55

PRIMAL

Def. Given µ,⌫ in P(⌦); a cost function
c on ⌦⇥ ⌦, the Kantorovich problem is

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).

inf
T ]µ=⌫

Z

⌦
c(x,T (x))µ(dx) MONGE



Kantorovich Problem

56

PRIMAL

Def. Given µ,⌫ in P(⌦); a cost function
c on ⌦⇥ ⌦, the Kantorovich problem is

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).



Kantorovich Problem

56

PRIMAL

Def. Given µ,⌫ in P(⌦); a cost function
c on ⌦⇥ ⌦, the Kantorovich problem is

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).

DUAL

sup
'2L1(µ), 2L1(⌫)
'(x)+ (y)c(x,y)

Z
'dµ+

Z
 d⌫.



Kantorovich Problem

56

PRIMAL

Def. Given µ,⌫ in P(⌦); a cost function
c on ⌦⇥ ⌦, the Kantorovich problem is

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).

For two real-valued functions ', on ⌦,

('� )(x, y) def= '(x) + (y)



Kantorovich Problem

56

PRIMAL

Def. Given µ,⌫ in P(⌦); a cost function
c on ⌦⇥ ⌦, the Kantorovich problem is

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).

For two real-valued functions ', on ⌦,

('� )(x, y) def= '(x) + (y)

sup
'2L1(µ), 2L1(⌫)

'� c

Z
'dµ+

Z
 d⌫.

DUAL



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = ?

<latexit sha1_base64="oqQKd114BSbuaNImJ9v7kK5ixwg="></latexit>



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

ZZ
'(x)dP (x, y) +

ZZ
 (y)dP (x,y)

<latexit sha1_base64="OA7s1d9UVquj6CEm2JVj2JUcjSU="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = ?

<latexit sha1_base64="oqQKd114BSbuaNImJ9v7kK5ixwg="></latexit>



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

ZZ
'(x)dP (x, y) +

ZZ
 (y)dP (x,y)

<latexit sha1_base64="OA7s1d9UVquj6CEm2JVj2JUcjSU="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = ?

<latexit sha1_base64="oqQKd114BSbuaNImJ9v7kK5ixwg="></latexit>



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = 0

<latexit sha1_base64="M+Zq5t83r7YiwwNOutstR+A6JPI="></latexit>



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = 0

<latexit sha1_base64="M+Zq5t83r7YiwwNOutstR+A6JPI="></latexit>

Let ', : ⌦ ! R, and P 2 P+(⌦2).
<latexit sha1_base64="dsPvfcdo9lSbmImjmWztW5vroCg="></latexit>



Deriving Kantorovich Duality

57

Let ', : ⌦ ! R, and P 2 ⇧(µ,⌫).
<latexit sha1_base64="MxlFWZ5+kGRsajHMeeiHdCnkfVg="></latexit>

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP = 0

<latexit sha1_base64="M+Zq5t83r7YiwwNOutstR+A6JPI="></latexit>

Let ', : ⌦ ! R, and P 2 P+(⌦2).
<latexit sha1_base64="dsPvfcdo9lSbmImjmWztW5vroCg="></latexit> Z

'dµ+

Z
 d⌫ �

ZZ
'� dP =

Z
'd (µ� PX)| {z }

6=0

+

Z
 d (⌫ � P Y )| {z }

6=0
<latexit sha1_base64="zFjm+mmtJwJeGoUUhlFJXc2mV9o="></latexit>

and / or
<latexit sha1_base64="wC7VKjwbHsXHhacia2/x6XTY0Xk="></latexit>



Deriving Kantorovich Duality

58

◆⇧(P ) = sup
', 

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP

�

=

(
0 if P 2 ⇧(µ,⌫),

+1 otherwise.



Deriving Kantorovich Duality

58

◆⇧(P ) = sup
', 

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP

�

=

(
0 if P 2 ⇧(µ,⌫),

+1 otherwise.

inf
P2⇧(µ,⌫)

ZZ
c dP



Deriving Kantorovich Duality

58

◆⇧(P ) = sup
', 

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP

�

=

(
0 if P 2 ⇧(µ,⌫),

+1 otherwise.

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )

inf
P2⇧(µ,⌫)

ZZ
c dP



Deriving Kantorovich Duality

58

◆⇧(P ) = sup
', 

Z
'dµ+

Z
 d⌫ �

ZZ
'� dP

�

=

(
0 if P 2 ⇧(µ,⌫),

+1 otherwise.

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality
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sup
', 

ZZ
c dP+

Z
'dµ+

Z
 d⌫ �

ZZ
'� dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality

59

sup
', 

ZZ
c dP+

Z
'dµ+

Z
 d⌫ �

ZZ
'� dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality

59

sup
', 

ZZ
c dP+

Z
'dµ+

Z
 d⌫�

ZZ
'� dP +inf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality

59

sup
', 

Z
'dµ+

Z
 d⌫+

ZZ
(c�'� )dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality

59

sup
', 

Z
'dµ+

Z
 d⌫+

ZZ
(c�'� )dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Deriving Kantorovich Duality

59

sup
', 

Z
'dµ+

Z
 d⌫+

ZZ
(c�'� )dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



inf
P2P+(⌦)

ZZ
(c�'� )dP =

(
0 if c�'� � 0.

�1 otherwise

Deriving Kantorovich Duality

59

sup
', 

Z
'dµ+

Z
 d⌫+

ZZ
(c�'� )dPinf

P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



inf
P2P+(⌦)

ZZ
(c�'� )dP =

(
0 if c�'� � 0.

�1 otherwise

Deriving Kantorovich Duality

59

sup
', 

Z
'dµ+

Z
 d⌫+

ZZ
(c�'� )dP

sup
'� c

Z
'dµ+

Z
 d⌫.

DUAL

inf
P2P+(⌦2)

inf
P2P+(⌦2)

ZZ
c dP + ◆⇧(P )



Wasserstein Distances

60

Def. The p-Wasserstein distance between
µ,⌫ in P(⌦) is

Wp(µ,⌫)
def
=

✓
inf

P2⇧(µ,⌫)

ZZ
D(x, y)pP (dx, dy)

◆1/p

.

Let p � 1. Let c(x, y) := Dp(x, y), a metric.



Wasserstein Distances

60

Def. The p-Wasserstein distance between
µ,⌫ in P(⌦) is

Wp(µ,⌫)
def
=

✓
inf

P2⇧(µ,⌫)

ZZ
D(x, y)pP (dx, dy)

◆1/p

.
p

Let p � 1. Let c(x, y) := Dp(x, y), a metric.



Kantorovich Duality

61

• Kantorovich duality is computationally easier: easier 
to store 2 functions than an entire coupling.


• D transforms: useful machinery to consider only two 
instead of one dual potential, notably when p = 1

W p
p (µ,⌫) = sup

'2L1(µ), 2L1(⌫)
'(x)+ (y)Dp(x,y)

Z
'dµ+

Z
 d⌫.

DUAL

W1

W1(µ,⌫) = sup
' 1-Lipschitz

Z
'(dµ� d⌫).



Links between Monge & Kantorovich

62

Prop. For “well behaved” costs c, if µ has
a density then an optimal Monge map T ? be-
tween µ and ⌫ must exist.

Prop. In that case

P ? := (Id, T ?)]µ 2 ⇧(µ,⌫)

is also optimal for the Kantorovich problem.

[Brenier’91] [Smith&Knott’87] [McCann’01]
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P(⌦)

Optimal Transport Geometry
Very different geometry than standard 

information divergences (KL, Euclidean)

µ

⌫
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Wasserstein Distance

W (µ,⌫)
P(⌦)

Optimal Transport Geometry
Very different geometry than standard 

information divergences (KL, Euclidean)

µ

⌫
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[McCann’95] 

Interpolant

P(⌦)

Optimal Transport Geometry
Very different geometry than standard 

information divergences (KL, Euclidean)

µ

⌫
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[McCann’95] 

Interpolant

P(⌦)

Optimal Transport Geometry
Very different geometry than standard 

information divergences (KL, Euclidean)

µ

⌫
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⌫1

⌫2

⌫3

P(⌦)

Optimal Transport Geometry
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Wasserstein 

Barycenter

[Agueh’11]

min
µ2P(⌦)

NX

i=1

�iW
p
p (µ,⌫i)

⌫1

⌫2

⌫3

P(⌦)

Optimal Transport Geometry



65 [SDPC..’15]

Optimal Transport Geometry

Very different geometry than standard 
information divergences (KL, Euclidean)



65 [SDPC..’15]

Optimal Transport Geometry

Very different geometry than standard 
information divergences (KL, Euclidean)



66 [SDPC..’15]

Optimal Transport Geometry

Very different geometry than standard 
information divergences (KL, Euclidean)
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Variational OT Problems in ML

Up to 2010: OT solvers

used mostly for retrieval

in databases of histograms

OT is now used as a loss or fidelity term:

Wp(µ,⌫) =?

argmin
µ2P(⌦)

F (Wp(µ,⌫1),Wp(µ,⌫2), . . . ,µ) =?

Wp(µ,⌫)  · · ·?

[Ambrosio Gigli Savaré’05]“rµ”Wp(µ,⌫) =?

[Jordan Kinderlehrer Otto’98]



2. Computing OT exactly
Typology: discrete/continuous problems

Easy cases and exact solvers for discrete 
measures.

68
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Discrete - Continuous 

Continuous - Continuous 

Discrete - Discrete

When can we compute OT?
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Discrete - Continuous 

Continuous - Continuous 

Discrete - Discrete

Stochastic 

Optimization

PDE’s

Network flow solvers

[Genevay’16] 
[Arjovsky’17]

low dim.
[Mérigot’11][Kitagawa’16][Levy’15]

[Benamou’98]

When can we compute OT?



Easy (1): Univariate Measures

70

Remark. If ⌦ = R, c(x, y) = c(|x� y|),
c convex, F�1

µ , F�1
⌫ quantile functions,

W (µ,⌫)=

Z 1

0
c(|F�1

µ (x)� F�1
⌫ (x)|)dx



Easy (1): Univariate Measures

70

Remark. If ⌦ = R, c(x, y) = c(|x� y|),
c convex, F�1

µ , F�1
⌫ quantile functions,

W (µ,⌫)=

Z 1

0
c(|F�1

µ (x)� F�1
⌫ (x)|)dx2.6. Special Cases 33

– — (tT + (1 ≠ t)Id)˘–
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—

Figure 2.9: Computation of OT and displacement interpolation between two 1-D
measures, using cumulant function as detailed in (2.29).

— is then defined by
T = C

≠1
—

¶ C–. (2.29)

Figure 2.9 illustrates the computation of 1-D OT through cumu-
lative functions. It also displays displacement interpolations, com-
puted as detailed in (7.7), see also Remark 9.5. For a detailed
survey of the properties of optimal transport in 1-D, we refer the
reader to [Santambrogio, 2015, Chapter 2].

Remark 2.23 (Distance between Gaussians). If – = N (m–, �–)
and — = N (m—, �—) are two Gaussians in Rd, then one can show
that the following map

T : x ‘æ m— + A(x ≠ m–), (2.30)

where

A = �
≠

1
2

–

A

�

1
2
– �—�

1
2
–

B1
2

�
≠

1
2

– = AT,

is such that T˘fl– = fl—. Indeed, one simply has to notice that the

µ ⌫
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Figure 2.9 illustrates the computation of 1-D OT through cumu-
lative functions. It also displays displacement interpolations, com-
puted as detailed in (7.7), see also Remark 9.5. For a detailed
survey of the properties of optimal transport in 1-D, we refer the
reader to [Santambrogio, 2015, Chapter 2].

Remark 2.23 (Distance between Gaussians). If – = N (m–, �–)
and — = N (m—, �—) are two Gaussians in Rd, then one can show
that the following map

T : x ‘æ m— + A(x ≠ m–), (2.30)

where

A = �
≠

1
2

–

A

�

1
2
– �—�

1
2
–

B1
2

�
≠

1
2

– = AT,

is such that T˘fl– = fl—. Indeed, one simply has to notice that the

Fµ

F�1
µ

F�1
⌫F⌫
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Put Formula

Remark. If ⌦ = Rd, c(x, y) = kx � yk2, and
µ = N (mµ,⌃µ),⌫ = N (m⌫ ,⌃⌫) then

W 2
2 (µ,⌫) = kmµ �m⌫k2 +B(⌃µ,⌃⌫)

2

where B is the Bures metric

B(⌃µ,⌃⌫)
2 = trace(⌃µ+⌃⌫�2(⌃1/2

µ ⌃⌫⌃
1/2
µ )1/2).
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if X ⇠ N (m,⌃) then Y := CX + b ⇠ N (Cm+ b, C⌃CT ).
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2.6. Special Cases 35
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Figure 2.10: Two Gaussians fl– and fl— , represented using the contour plots of
their densities, with respective mean and variance matrices m– = (≠2, 0), �– =
1
2

!
1 ≠ 1

2 ; ≠ 1
2 1

"
and m— = (3, 1), �— =

!
2,

1
2 ; 1

2 , 1
"
. The arrows represent random

points x taken in the support of fl– (here R2) and their mappings T (x) = m— +
A(x ≠ m–).

ment of the Wasserstein geometry of Gaussian distributions, we
refer to Takatsu [2011].

Remark 2.24 (Distance between Elliptically Contoured Distributions).
Gelbrich provides a more general result than that provided in
Remark 2.23: the Bures metric between Gaussians extends
more generally to elliptically contoured distributions [1990]. In
a nutshell, one can first show that for two measures with given
mean and covariance matrices, the distance between the two
Gaussians with these respective parameters is a lower bound of
the Wasserstein distance between the two measures (Theorem
2.1 in [1990]). Additionally, the closed form (2.31) extends to
families of elliptically contoured densities: If two densities fl– and

µ

⌫

T : x 7! m⌫ +A(x�mµ)
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36 Theoretical Foundations

Figure 2.11: Same Gaussians fl– and fl— as defined in Figure 2.10, represented
this time as surfaces. The surface above is the Brenier potential Â defined up to an
additive constant (here +50) such that T = ÒÂ. For visual purposes, both Gaussian
densities have been multiplied by a 100 factor.

fl— belong to such a family, namely when fl– and fl— can be written
for any point x as

fl–(x) = 1


det(�–)
h(Èx ≠ m–, �–(x ≠ m–)Í)

fl—(x) = 1
Ò

det(�—)
h(Èx ≠ m— , �—(x ≠ m—)Í),

respectively, for the same positive valued function h such that
the integral ⁄

Rd

h(Èx, xÍ)dx = 1,

then their optimal transport map is also the linear map (2.30) and
their Wasserstein distance is also given by the expression (2.31).
This includes therefore as interesting special cases uniform distri-
butions on ellipses, namely ellipctic shapes.

µ
⌫

T = r : x 7! m⌫ +A(x�mµ)

f(x)
<latexit sha1_base64="dmIqD+f8mlVQIzm8hvfroM7Cakg="></latexit>

rf(x)
<latexit sha1_base64="NEMWJpz9FMy35ZTOIxLoXa/ux8E="></latexit>

x
<latexit sha1_base64="FgT5iZfVwOU+O3k6GteSv+kN2uc="></latexit>
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�y

�x

(⌦,D)

Wp(�x, �y) = D(x,y)



Linear Assignment ⊂ Wasserstein
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µ =
nX

i=1

1

n
�xi ⌫ =

nX

j=1

1

n
�yj

(⌦,D)

W p
p (µ,⌫) = min

�2Sn

1

n

nX

i=1

D(xi,y�i
)p
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µ =
nX

i=1

1

n
�xi ⌫ =

nX

j=1

1

n
�yj

(⌦,D)
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(⌦,D)

OT on Two Empirical Measures

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj
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Wasserstein on Empirical Measures
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U(a, b)
def
= {P 2 Rn⇥m

+ |P1m = a,P T1n = b}
MXY

def
= [D(xi,yj)

p]ij

Def. Optimal Transport Problem

W p
p (µ,⌫) = min

P2U(a,b)
hP ,MXY i

Consider µ =
nX

i=1

ai�xi and ⌫ =
mX

j=1

bj�yj .
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W p
p (µ,⌫) = min

P2Rn⇥m
+

P1m=a,PT 1n=b

hP ,MXY i



Dual Kantorovich Problem
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Def. Dual OT problem

W p
p (µ,⌫) = max

↵2Rn,�2Rm

↵i+�jD(xi,yj)
p

↵Ta+ �T b

W p
p (µ,⌫) = min

P2Rn⇥m
+

P1m=a,PT 1n=b

hP ,MXY i
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Def. Dual OT problem

W p
p (µ,⌫) = max

↵2Rn,�2Rm

↵i+�jD(xi,yj)
p

↵Ta+ �T b

-40

-20

0

20

40

W p
p (µ,⌫) = min

P2Rn⇥m
+

P1m=a,PT 1n=b

hP ,MXY i



Solving the OT Problem
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MXY

U(a, b)
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MXY

U(a, b)

P ?

Solving the OT Problem

O((n + m)nm log(n + m))

min cost flow solver used in practice.
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MXY

U(a, b)

P ?

P ?Solution       unstable 
and not always unique.

W p
p (µ,⌫) not di↵erentiable.

Solving the OT Problem

O((n + m)nm log(n + m))

min cost flow solver used in practice.



O((n + m)nm log(n + m))

min cost flow solver used in practice.

Discrete OT Problem
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MXY

U(a, b)

P ?



O((n + m)nm log(n + m))

min cost flow solver used in practice.

Discrete OT Problem
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MXY

U(a, b)

P ?



3. Computing OT for data sciences

The need for regularization

Entropic regularization

Differentiation

84
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What matters for practitioners?

Computational properties

Statistical properties

µ̂n
def
= 1

n

X

i

�xi , ⌫̂m
def
= 1

m

X

j

�yj

i.i.d samples x1, . . . , xn ⇠ µ, y1, . . . , ym ⇠ ⌫,

Compute/approximate Wp(µ̂n, ⌫̂m)?

E [|Wp(µ,⌫)�Wp(µ̂n, ⌫̂m)|]  f(n,m)?
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What matters for practitioners?

Computational properties

Statistical properties

µ̂n
def
= 1

n

X

i

�xi , ⌫̂m
def
= 1

m

X

j

�yj

i.i.d samples x1, . . . , xn ⇠ µ, y1, . . . , ym ⇠ ⌫,

E [|Wp(µ,⌫)�Wp(µ̂n, ⌫̂m)|]  f(n,m)?

O((n + m)nm log(n + m))
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Sample Complexity

E [|Wp(µ,⌫)�Wp(µ̂n, ⌫̂n)|] = O(n�1/d)

• [Dudley’69][Dereich+’11][Fournier+’13] & others..

• [Weed/Bach’17]: sharper results when measures’ 
support has “low effective d” in metric spaces


• [Weed/Berthet’19] for smooth densities

•Lower bounds: optimal quantization error.

If ⌦ = Rd, d > 3
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From theory to practice ?

Computational properties

Statistical properties

µ̂n
def
= 1

n

X

i

�xi , ⌫̂m
def
= 1

m

X

j

�yj

O((n + m)nm log(n + m))

E [|Wp(µ,⌫)�Wp(µ̂n, ⌫̂n)|] = O(n�1/d)
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From theory to practice ?

Computational properties

Statistical properties

µ̂n
def
= 1

n

X

i

�xi , ⌫̂m
def
= 1

m

X

j

�yj

O((n + m)nm log(n + m))

E [|Wp(µ,⌫)�Wp(µ̂n, ⌫̂n)|] = O(n�1/d)

For data sciences, we must regularize the 
problem to improve on either/both aspects.
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Many ways to regularize (dual) OT

sup
'(x)+ (y)c(x,y)

Z
'dµ+

Z
 d⌫.
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Many ways to regularize (dual) OT

•RKHS for potentials [GCBP’16], dualize/smooth 
indicator constraint, [VMVRB’21]

sup
'(x)+ (y)c(x,y)

Z
'dµ+

Z
 d⌫.

https://arxiv.org/abs/1605.08527
https://arxiv.org/abs/2101.05380


•Parameterize functions using ReLU Deep net with 
bounded weights [Arjovsky+’17] or use Wavelet 
decompositions [Shirdonkhar+’08] for low d.


W1(µ,⌫) = sup
' 1-Lipschitz

Z
'(dµ� d⌫).

89

Many ways to regularize (dual) OT

•RKHS for potentials [GCBP’16], dualize/smooth 
indicator constraint, [VMVRB’21]

sup
'(x)+ (y)c(x,y)

Z
'dµ+

Z
 d⌫.

https://arxiv.org/abs/1701.07875
https://home.ttic.edu/~ssameer/Research/Papers/WEMD_CVPR08.pdf
https://arxiv.org/abs/1605.08527
https://arxiv.org/abs/2101.05380
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Many ways to regularize (primal) OT

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).
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Many ways to regularize (primal) OT

•Change cost function: threshold metric [Pele+’09], 
use geodesic distance on graphs [Beckman’52]
[Lin+’07], [Solomon+’14], simplifies the LP.

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).



•Quantize measures first [Canas+’12]; use Gaussians 
[Gelbrich’92][Chen+17]; projections [Rabin+’11] & 
k-dimensional subspaces [Paty+’19][Weed+’19].
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90

Many ways to regularize (primal) OT

•Change cost function: threshold metric [Pele+’09], 
use geodesic distance on graphs [Beckman’52]
[Lin+’07], [Solomon+’14], simplifies the LP.

•Add regularization on coupling [C’13][GP’16]
[GCBP’16] [GCBCP’19] [DPR’16] [BSR’18]

inf
P2⇧(µ,⌫)

ZZ
c(x, y)P (dx, dy).

https://proceedings.neurips.cc/paper/2012/hash/c54e7837e0cd0ced286cb5995327d1ab-Abstract.html
https://arxiv.org/abs/1710.07876
https://hal.archives-ouvertes.fr/hal-00476064/document
https://arxiv.org/abs/1901.08949
https://arxiv.org/abs/1909.07513
https://arxiv.org/abs/1610.06447
http://proceedings.mlr.press/v84/blondel18a.html
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Remark. If ⌦ = R, c(x, y) = c(|x� y|),
c convex, F�1

µ , F�1
⌫ quantile functions,

W (µ,⌫)=

Z 1

0
c(|F�1

µ (x)� F�1
⌫ (x)|)dx
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Figure 2.9: Computation of OT and displacement interpolation between two 1-D
measures, using cumulant function as detailed in (2.29).

— is then defined by
T = C

≠1
—

¶ C–. (2.29)

Figure 2.9 illustrates the computation of 1-D OT through cumu-
lative functions. It also displays displacement interpolations, com-
puted as detailed in (7.7), see also Remark 9.5. For a detailed
survey of the properties of optimal transport in 1-D, we refer the
reader to [Santambrogio, 2015, Chapter 2].

Remark 2.23 (Distance between Gaussians). If – = N (m–, �–)
and — = N (m—, �—) are two Gaussians in Rd, then one can show
that the following map

T : x ‘æ m— + A(x ≠ m–), (2.30)

where

A = �
≠

1
2

–

A

�

1
2
– �—�

1
2
–

B1
2

�
≠

1
2

– = AT,

is such that T˘fl– = fl—. Indeed, one simply has to notice that the

µ ⌫
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A simple baseline
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• Dodges the high-dimensionality curse, by 
simplifying considerably the measures.


• Effective in practice, fast and easy, but far from 
OT. Induced matchings are extremely blurry.
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SW (µ,⌫)=E✓⇠Sd�1

Z 1

0
c(|F�1

✓T
] µ

(x)� F�1
✓T
] ⌫

(x)|)dx
�

Sliced Wasserstein Distance [Rabin+’11]

• Dodges the high-dimensionality curse, by 
simplifying considerably the measures.


• Effective in practice, fast and easy, but far from 
OT. Induced matchings are extremely blurry.



Regularization on the Primal
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MXY

U(a, b)

P ?

Wishlist: 

faster & scalable, more stable,


(automatically) differentiable



Entropic Regularization [Wilson’62]

94
Note: Unique optimal solution because of strong concavity of entropy

E(P )
def
= �

nmX

i,j=1

Pij(logPij � 1)

Def. Regularized Wasserstein, � � 0

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )



Entropic Regularization [Wilson’62]
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EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution because of strong concavity of entropy

Def. Regularized Wasserstein, � � 0

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )
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EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution because of strong concavity of entropy

Def. Regularized Wasserstein, � � 0

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )



Entropic Regularization [Wilson’62]
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EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution because of strong concavity of entropy

Def. Regularized Wasserstein, � � 0

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )

⇡ “y = T (x)”
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

L(P,↵,�) =
X

ij

PijMij + �Pij(logPij � 1) + ↵T (P1� a) + �T (PT1� b)

@L/@Pij = Mij + � logPij + ↵i + �j

(@L/@Pij = 0) )Pij = e
↵i

� e
�

Mij

� e
�j

� = ui KKijvj
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = bdiag(u)1n| {z }
u

vz }| {
diag(v)1m



Fast & Scalable Algorithm

96

Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

u �
v �
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Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

u �
v �
u = a/KKv

v = b/KKTu
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P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

u �
v �
u = a/KKv

v = b/KKTu

1.

2.

Sinkhorn’s Algorithm : Repeat
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u = a/KKv

v = b/KKTu

1.

2.

Sinkhorn’s Algorithm : Repeat

• [Sinkhorn’64] proved first convergence result 
[Lorenz+’89] characterised linear convergence 


• Recent wave of great results by [Altschuler+’17]
[Dvurechensky+18][Lin+19]


•             complexity, GPGPU parallel [C’13] .


•                  on gridded spaces using convolutions. 
[Solomon’+15]

O(nm)

O(n logn)
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

v0

KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu v0

u1

:=
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:=

bKK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu v0

u1

:=

a

:=

bv1KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

u1

:=

a

:=

b

v1

KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

u1

:=

a

:=

b

v1

u2

KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b

v1

u2KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b

v1

u2v2KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b u2

v2

KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b u2

v2

u3

KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b

v2

u3KK

a b
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• [Sinkhorn’64] fixed-point iterations for (u,v)
u a/KKv, v  b/KKTu

:=

a

:=

b

v2

u3
etc….

KK

a b
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• [Sinkhorn’64] fixed-point iterations.         

PL :=

diag(uL)
diag(vL)

KK

KK

a b
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• [Sinkhorn’64] fixed-point iterations.         

PL :=

diag(uL)
diag(vL)

KK

KK

a b

hPL,MXY i = uL
T (KK �MXY )vL



Also embarrassingly parallel
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• [Sinkhorn’64] with matrix fixed-point iterations

KK

A

B

V0

100
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• [Sinkhorn’64] with matrix fixed-point iterations

KK

A

B
:=

V1

U1

100

:=



Also embarrassingly parallel
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• [Sinkhorn’64] with matrix fixed-point iterations

KK

A

B
:=

V1

U1

100

:=

etc….
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Setup.           is a random graph with shortest path metric, histograms 
sampled uniformly on simplex, Sinkhorn tolerance 10-2.
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where KK =


e�

Dp(xi,yj )

�

�

ij
REGULARIZED DISCRETE DUAL

Sinkhorn as a Dual Algorithm

Def. Regularized Wasserstein, � � 0

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )

REGULARIZED DISCRETE PRIMAL

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)

Sinkhorn = Block Coordinate Ascent on Dual
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REGULARIZED DISCRETE DUAL

Block Coordinate Ascent, a.k.a Sinkhorn

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)

E(↵,�) = ↵Ta+ �T b� �(e↵/�)T KKe�/�
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REGULARIZED DISCRETE DUAL

Block Coordinate Ascent, a.k.a Sinkhorn

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)

E(↵,�) = ↵Ta+ �T b� �(e↵/�)T KKe�/�

r�E = b� e�/� � KKT e↵/�

r↵E = a� e↵/� � KKe�/�
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REGULARIZED DISCRETE DUAL

Block Coordinate Ascent, a.k.a Sinkhorn

�  �
⇣
log b� log KKT (e↵/�)

⌘

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)

E(↵,�) = ↵Ta+ �T b� �(e↵/�)T KKe�/�

r�E = b� e�/� � KKT e↵/�

r↵E = a� e↵/� � KKe�/�

↵ �
⇣
loga� log KK(e�/�)

⌘
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REGULARIZED DISCRETE DUAL

Block Coordinate Ascent, a.k.a Sinkhorn

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)
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(u,v)
def
=(e↵/� , e�/�)

u a

KKv

v  b

KKTu

REGULARIZED DISCRETE DUAL

Block Coordinate Ascent, a.k.a Sinkhorn

W�(µ,⌫) = max
↵,�

↵Ta+ �T b� �(e↵/�)T KK(e�/�)

�  �
⇣
log b� log KKT (e↵/�)

⌘

↵ �
⇣
loga� log KK(e�/�)

⌘
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MXY

Sinkhorn, W and Energy Distance

P ?

U(a, b)

W p(µ,⌫) = hP ?,MXY i

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj
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MXY

Sinkhorn, W and Energy Distance

P ?

U(a, b)

W p(µ,⌫) = hP ?,MXY i

W�(µ,⌫) = hP� ,MXY i P�

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj
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MXY

Sinkhorn, W and Energy Distance

P ?

E(µ,⌫) = habT ,MXY i abT

U(a, b)

W p(µ,⌫) = hP ?,MXY i

W�(µ,⌫) = hP� ,MXY i P�

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj
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MXY

Sinkhorn, W and Energy Distance

P ?

E(µ,⌫) = habT ,MXY i abT

U(a, b)

W p(µ,⌫) = hP ?,MXY i

W�(µ,⌫) = hP� ,MXY i P�

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj

� ! 1

� ! 0
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E(µ,⌫) = habT ,MXY i

W�(µ,⌫) = hP� ,MXY i

W̄�(µ,⌫) = W�(µ,⌫)�
1

2
(W�(µ,µ) +W�(⌫,⌫))

ED(µ,⌫) = E(µ,⌫)� 1

2
(E(µ,µ) + E(⌫,⌫))

<latexit sha1_base64="Fc9WcOGsB1lfU8o4qdzgAuvKO9c="></latexit>

W p(µ,⌫) = hP ?,MXY i

��E(P�)

<latexit sha1_base64="QPecpg6LJRb99EKGXUGViC0x1qc="></latexit>

Sinkhorn, W and Energy Distance
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W̄�(µ,⌫) = W�(µ,⌫)�
1

2
(W�(µ,µ) +W�(⌫,⌫))

MMD(µ,⌫) = E(µ,⌫)� 1

2
(E(µ,µ) + E(⌫,⌫))

W p(µ,⌫) = hP ?,MXY i

� ! 0

� ! 1

Sinkhorn, W and Energy Distance
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How to compare them?

Computational properties

Statistical properties

|�(µ,⌫)��(µ̂n, ⌫̂n)|  f(n)?

µ̂n
def
= 1

n

X

i

�xi , ⌫̂m
def
= 1

m

X

j

�yj

i.i.d samples x1, . . . , xn ⇠ µ, y1, . . . , ym ⇠ ⌫,

E↵ort to compute/approximate �(µ̂n, ⌫̂m)?
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Sinkhorn in between W and MMD

MMD(µ,⌫) = E(µ,⌫)� 1

2
(E(µ,µ) + E(⌫,⌫))

(n+m)2 O(1/
p
n)

W p(µ,⌫) = hP ?,MXY i

O((n+m)nm log(n+m) O(1/n1/d)

[see Arthur]
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Sinkhorn in between W and MMD

MMD(µ,⌫) = E(µ,⌫)� 1

2
(E(µ,µ) + E(⌫,⌫))

(n+m)2 O(1/
p
n)

W p(µ,⌫) = hP ?,MXY i

O((n+m)nm log(n+m) O(1/n1/d)

W̄�(µ,⌫) = W�(µ,⌫)�
1

2
(W�(µ,µ) +W�(⌫,⌫))

O((n+m)2) O

⇣
1

�d/2
p
n

⌘ [GCBCP’18]

[FSVATP’18]

[see Arthur]
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(⌦,D)

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

Differentiability of W

W ((a,X), (b, Y ))
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(⌦,D)

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

Differentiability of W

W ((a + �a,X), (b, Y )) = W ((a,X), (b, Y ))+??
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(⌦,D)

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

Differentiability of W

a a+�a

W ((a + �a,X), (b, Y )) = W ((a,X), (b, Y ))+??
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(⌦,D)

⌫ =
mX

j=1

bj�yj

µ =
nX

i=1

ai�xi

Sinkhorn ⤑ Differentiability
W ((a,X + �X), (b, Y )) = W ((a,X), (b, Y ))+??
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(⌦,D)

⌫ =
mX

j=1

bj�yjX  X +�X

µ =
nX

i=1

ai�xi

Sinkhorn ⤑ Differentiability
W ((a,X + �X), (b, Y )) = W ((a,X), (b, Y ))+??
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(⌦,D)

⌫ =
mX

j=1

bj�yjX  X +�X

µ =
nX

i=1

ai�xi

Sinkhorn ⤑ Differentiability
W ((a,X + �X), (b, Y )) = W ((a,X), (b, Y ))+??

Changes in objective can be handled with Danskin’s theorem.

<latexit sha1_base64="DAIoudLxqSrPiShcxIDplYIGesk="></latexit>
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DUAL

Prop.W (µ,⌫) is convex w.r.t. a,
@aW = arg↵ max

↵��MXY

↵Ta+ �T b.

W p
p (µ,⌫) = max

↵2Rn,�2Rm

↵��MXY

↵Ta+ �T b.

Prop. W�(µ,⌫) is convex and di↵eren-
tiable w.r.t. a, raW� = ↵?

� = � logu



PRIMAL

How to decrease W ? change locations
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Prop. p = 2,⌦ = Rd. W (µ,⌫) decreases if
X  Y P ?TD(a�1).

Prop. p = 2,⌦ = Rd. W�(µ,⌫) is di↵eren-
tiable w.r.t. X, with

rXW� = X � Y PT
� D(a�1).

W 2
2 (µ,⌫) = min

P2Rn⇥m
+

P1m=a,PT 1n=b

hP ,1n1
T
d X

2 + Y 2T1d1m � 2XTY i
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MXY

U(a, b)

P ?

Solving the OT Problem

0

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>
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U(a, b)

P ?

Solving the OT Problem
M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>
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U(a, b)

P ?

Solving the OT Problem
M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X + �X, b,Y ),MX+�XY i

<latexit sha1_base64="TNxv7V/sBk9dWW3SL1W96aZEDyQ="></latexit>

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>
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U(a, b)

P ?

Solving the OT Problem
M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X + �X, b,Y ),MX+�XY i

<latexit sha1_base64="TNxv7V/sBk9dWW3SL1W96aZEDyQ="></latexit>

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>

Computing r⌅W is easy.

<latexit sha1_base64="jDKtNuhRSnMNoMV1ndPkR7yX2Tg="></latexit>

here ⌅ can be anything,

<latexit sha1_base64="S3760+hWkXNoudytrasar0MqUi0="></latexit>

e.g. a or X, parameter ✓ for cost c✓

<latexit sha1_base64="7zSBc8RfPmdeZjM+f6xRvA9d820="></latexit>
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U(a, b)

P ?

Solving the OT Problem
M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X + �X, b,Y ),MX+�XY i

<latexit sha1_base64="TNxv7V/sBk9dWW3SL1W96aZEDyQ="></latexit>

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>

Computing
@P ?

@⌅ is harder.

<latexit sha1_base64="rTPIz+EVNzvhlf0MlifRVdQxByE="></latexit>

Computing r⌅W is easy.

<latexit sha1_base64="jDKtNuhRSnMNoMV1ndPkR7yX2Tg="></latexit>

here ⌅ can be anything,

<latexit sha1_base64="S3760+hWkXNoudytrasar0MqUi0="></latexit>

e.g. a or X, parameter ✓ for cost c✓

<latexit sha1_base64="7zSBc8RfPmdeZjM+f6xRvA9d820="></latexit>
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Sinkhorn: A Programmer View

Prop. @PL
@X ,

@PL
@a can be computed recur-

sively, in O(L) kernelKK⇥vector products.

<latexit sha1_base64="Q8AtKMwtATGXzhWM9ul9Qm8mZ/w="> t8FBb6TSwcYzSL8/vkW3K/EO8BvG/W3im8/yTfvXC+5+V7EOrDIsywDgv20/yB/kP85sOb7f7gUf+HV9trO4flj/R/tfKvK/++8mBlsPL9ys7K85XTldcr9r3RvcW9/7z3Xzv/u/ub3d/u/hun/uJeqfObFeVvd+P/AJ2Jsbo=</latexit>

Def. For L � 1, define

PL
def
= diag(uL)KKdiag(vL),

where

v0 = 1m; l � 0,ul
def
= a/KKvl,vl+1

def
= b/KKTul.

<latexit sha1_base64="EYqwsncLLyFjR0Ct+FwVz8aorXE=">AABByXiczVtZd9tIdpYn20RZZnrymJfqSHLsNsURNXa3e3p6RotpWS1ZliXZli3IPFiKJI6wCQApyjiYl/yh/Jqck6fkp+Te2oAqAGp7niIfk8B3v3trv3VroZMEfpZvbPz3vV/81V//zd/+3S//fvkf/vGf/vlXv/7qN2+zeJa69I0bB3F67tgZDfyIvsn9PKDnSUrt0AnoO+dqF+Xv5jTN/Dg6y28Tehnak8gf+66dAzT66t </latexit>
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Sinkhorn: A Programmer View

Def. For L � 1, define

WL(µ,⌫)
def
= hPL,MXY i,

KK

` `+ 1

Sinkhorn ` = 1, . . . , L� 1

y1, . . . , ym

1m

x1, . . . , xn MXY

⇥KK ⇥KKT

vl ul+1

a/·
vl+1

b/·a b
PL

<latexit sha1_base64="MAho/dHMms5tHjuJE5oRtKnKVwM="></latexit>
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Sinkhorn: A Programmer View

Def. For L � 1, define

WL(µ,⌫)
def
= hPL,MXY i,

KK

` `+ 1

Sinkhorn ` = 1, . . . , L� 1

y1, . . . , ym

1m

x1, . . . , xn MXY

⇥KK ⇥KKT

vl ul+1

a/·
vl+1

b/·a b

[Adams’11] [Hashimoto’16] [Bonneel’16][Shalit’16]

PL

<latexit sha1_base64="MAho/dHMms5tHjuJE5oRtKnKVwM="></latexit>
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Sinkhorn: A Mathematician View

F : µ,⌫, c, " ! (↵⇤,�⇤)

<latexit sha1_base64="vyv+a/pEWq07sJBdHutz1cequ+M="></latexit>

At the optimum,
H(µ,⌫, c, ";F (µ,⌫, c, ")) = 0

<latexit sha1_base64="HFf0x5diEoB8DDy0King3KQ9smo="></latexit>

H(µ,⌫, c, ";↵,�) :=

"
e

↵���C
" 1m � a

e
��↵�CT

" 1n � b

#
= 0

<latexit sha1_base64="n/fez6D8nVKWTvrGS0VfVn/4Yn4="></latexit>
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Sinkhorn: A Mathematician View

F : µ,⌫, c, " ! (↵⇤,�⇤)

<latexit sha1_base64="vyv+a/pEWq07sJBdHutz1cequ+M="></latexit>

Using the implicit function theorem
JF,⌅ = �

�
JH,(↵,�)(⌅, (↵⇤,�⇤)

��1
JH,⌅(⌅, (↵⇤,�⇤)

JT

F,⌅ = �JH,⌅(⌅, (↵⇤,�⇤)T
�
JH,(↵,�)(⌅, (↵⇤,�⇤)

��T

<latexit sha1_base64="DCqV0ZmDrKBuVQBnqCS3vZo+PGo="></latexit>

H(µ,⌫, c, ";↵,�) :=

"
e

↵���C
" 1m = a

e
��↵�CT

" 1n = b

#
= 0

<latexit sha1_base64="ZCxCAPGY5DO5S57naLVlG4XkAA4="></latexit>
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The best of both worlds
When computing the gradient of a loss whose evaluation 

depends on the optimal transport solution, backward mode 
differentiation is more efficient. This involves evaluating:

JT
F,⌅ z

<latexit sha1_base64="M1Ov0YrK5UKq1fEI4IR0+O56c30="></latexit>

�JH,⌅(⌅, (↵⇤,�⇤)T
⇣�

JH,(↵,�)(⌅, (↵⇤,�⇤)
�T⌘�1

z

<latexit sha1_base64="2xhKcwiZhKCpAtLJ3djj2/VK9VA="></latexit>
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The best of both worlds
When computing the gradient of a loss whose evaluation 

depends on the optimal transport solution, backward mode 
differentiation is more efficient. This involves evaluating:

JT
F,⌅ z

<latexit sha1_base64="M1Ov0YrK5UKq1fEI4IR0+O56c30="></latexit>

jax.vjp
�JH,⌅(⌅, (↵⇤,�⇤)T

⇣�
JH,(↵,�)(⌅, (↵⇤,�⇤)

�T⌘�1
z

<latexit sha1_base64="2xhKcwiZhKCpAtLJ3djj2/VK9VA="></latexit>



jax.linalg.sparse.cg
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The best of both worlds
When computing the gradient of a loss whose evaluation 

depends on the optimal transport solution, backward mode 
differentiation is more efficient. This involves evaluating:

JT
F,⌅ z

<latexit sha1_base64="M1Ov0YrK5UKq1fEI4IR0+O56c30="></latexit>

jax.vjp
�JH,⌅(⌅, (↵⇤,�⇤)T

⇣�
JH,(↵,�)(⌅, (↵⇤,�⇤)

�T⌘�1
z

<latexit sha1_base64="2xhKcwiZhKCpAtLJ3djj2/VK9VA="></latexit>



jax.linalg.sparse.cg

jax.vjp

120

The best of both worlds
When computing the gradient of a loss whose evaluation 

depends on the optimal transport solution, backward mode 
differentiation is more efficient. This involves evaluating:

JT
F,⌅ z

<latexit sha1_base64="M1Ov0YrK5UKq1fEI4IR0+O56c30="></latexit>

jax.vjp
�JH,⌅(⌅, (↵⇤,�⇤)T

⇣�
JH,(↵,�)(⌅, (↵⇤,�⇤)

�T⌘�1
z

<latexit sha1_base64="2xhKcwiZhKCpAtLJ3djj2/VK9VA="></latexit>
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For more details

https://github.com/google-research/ott
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For instance…computing Hessians.
https://ott-jax.readthedocs.io/en/stable/

notebooks/Hessians.html



To conclude

123
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To sum up
• Optimal matchings used everywhere in ML, to


• Compute a distance (W) between measures.

• register/map/match points, to disambiguate.


• Regularization is needed to:

• Scale up/robustify these tools;

• Ensure gradients/jacobians exist and are not 0.


• To differentiate through regularised OT, either

• Automatic differentiation (unrolling)

• Implicit differentiation
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A few research topics around OT
Sinkhorn fixed-point iterations speed


Using convolutions [Solomon+15]

Faster kernel multiplications (many refs!)

Accelerations (Anderson [Chizat+20])

Improved convergence proofs 

Generalize Sinkhorn to continuous spaces? 
(Schrödinger bridges) [Chen+14] [Bortoli+21]

Other regularizers (L2) / constraints (low-rank)

https://people.csail.mit.edu/jsolomon/assets/convolutional_w2.compressed.pdf
https://arxiv.org/abs/2006.08172
https://arxiv.org/abs/1412.4430
https://arxiv.org/abs/2106.01357
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Brenier / Monge topics

Estimate Monge maps using ICNN [VM+19]

Links with Normalizing Flows [Huang+20]


Proximal optimization in spaces of measures. 

[JKO’98] starting to make an impact in 
practice, see for instance [Bunne+21]

A few research topics around OT
Unbalanced OT formulations


Penalized [FZMAP15][Chizat+15], approaches 
can handle (with Sinkhorn) different marginals

https://arxiv.org/abs/1908.10962
https://arxiv.org/abs/2012.05942
https://epubs.siam.org/doi/abs/10.1137/S0036141096303359?journalCode=sjmaah
https://arxiv.org/abs/2106.06345
https://arxiv.org/abs/1506.05439
https://arxiv.org/abs/1508.05216
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OT for Heterogeneous spaces

Use quadratic assignment problem to compute 
machines (GW, [Memoli’11])

Computational challenges, stats unknown. 

Exploit matching differentiability

soft-sorting [CTV19] and -quantiles [CTNV’20]

to impute missing values [Muzellec+20]

A few research topics around OT

https://media.adelaide.edu.au/acvt/Publications/2011/2011-Gromov%E2%80%93Wasserstein%20Distances%20and%20the%20Metric%20Approach%20to%20Object%20Matching.pdf
https://papers.nips.cc/paper/2019/hash/d8c24ca8f23c562a5600876ca2a550ce-Abstract.html
http://proceedings.mlr.press/v119/cuturi20a.html
https://arxiv.org/abs/2002.03860

